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Pages * The basic pu purpos pose of this p paper ‘is to emphasize the fact that bade | surveying 
09, 235 is a specialized profession. The relation between a land title and a a property — 

63, 282 survey is ‘discussed, thus into a statement of of steps preceding a field 
=, survey, a brief description of office and field relocation methods, the legal status 7 

sehen and value of physical monuments, and the tracing of land titles from record. a 
-..247 Property boundary location i is an ar art and profession as s distinet and different 
47, 263 from civil engineering as s dentistry is distinct from medicine. . The mere fact — " 
47, 283 that the mechanics of ‘surveying, in the use of transit, tape, and dl 
47, 251 tables, is common to both i is no criterion of identity. - The fact that a person = 


| is versed in the tactics of surveying as taught in school or college does not | 


warrant the “eae that he is a land surveyor any more than that he is a 
civilengineer, 


| oi Many people hold the idea that the surveying art is a mechanical adjunct : 
"entire to engineering procedure, rather than an infor mative or determinative function. 


in the § This is particularly true in the case of property surveys. . Often an owner will 

—_ | endeavor to ascertain ce certain desired relations between t title and possession by — 

a all the available methods other than survey, even though such survey i is i 

cheapest, quickest, and, frequently, the only method of solution. 
\S That surveying, notably in measurements of land, is a specialized ‘occupa 
tion i is evidenced histor ically by early records in Eee, ‘Rome, and elsewhere. 7 
The s surveys of the land holdings al along the Nile and the special courses of 


education for surveys in Rome are cases in 1 point . No land location project of 


modern times is originated or completed without an boundary survey. 


indie 4 actual or potential, of the area in aa The claim is Ss 


supported by a written record, describing the boundaries of the land in such a _ 


Nore. —Written ‘comments are invited for immediate publication; to insure publication the last oy 
discussion should be submitted by July 1, 1949. 
1 Glendale, Calif. ; Chf. Title Ins. and Trust Los Calif. 
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manner r that they may be recognized and, if necessary, be Telocated i in their 
original position. — Specifically then, the physical location and the record de- 
scription must be conformable and consistent to provide a a correct title in the 
boundary. The accomplishment of of this function is the province 0 the nd 


The correct definition of boundari ies of a parcel of land includes: 7 


Examination o of title of 


3 Monumentation » both physical and as 


4. . Deeds, 1 maps, descriptions, and other documentary evidence; a 
Adjoiner agreement or conflict; 
of the instant and associated lands; 
. Abstracts of title or title i insurance policies; and —_— 


a Any other matters connected with th the e property | in in question 7 7 


No accurate survey of such land can be made considering and 
Ww eighing all the foregoing items. In addition, the surveyor | must perform his 
work, both field and office, to mechanical and mathematical ‘standards ; com- 
mensurate with the best practice. Asa a chain is no | stronger than its weakest 
link, ‘80 is a land location ‘survey no > better than the error | caused by omission — 


occupation. 
positions of record, or physical claim, must be decided by the courts; it is the 
surveyor ’s province to point out the differences. 
7 ‘The location of a a parcel having arbitrarily, determined boundaries is com- 
paratively simple, requiring dimensional treatment and 
correctly established and proved tie point referenced to record. Ww hether the. 
: field work precedes or succeeds the description for record, the creating of one 
: from the other is readily accomplished; and with reasonable care, the ground 
- work will agree ee with the description. | Slight variations discovered in relocation 
{ = nominally assignable to ordinary ‘natural causes such as s earth 1 movement of 
various kinds or to the common persona! errors of observation and measure- 
- ent of the surveyor. . The acceptance and use of monuments in such a case 
will generally fix them as paramount to the dimensional position of record; 
it may be presumed that a new description, with new ew dimensions, but reciting . 
the monuments, will constitute ¢ a perpetuation of the original record, modified “ 


Relocation surveys, or those made to establish boundaries of recorded 
existing parcels r require the best sk skill, analytical faculty, and judgment of the | 
land surveyor. He may take nothing for granted, but must verify every 
monument, mathematical computation, measurement , description, and legal — 


“interpretation. . ‘The final nal decision must be be based on “sound judgment of his 


analysis and a clos a close a to the to the theory 0 of majority probability. Inasmuch 
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The first step in relocation is is to gather all information 1 relating to th the land — 
to be e surveyed—the deed description, title policy, description, tract or sub- 
- division maps of the property and vicinity, descriptions and maps of adjoining 


_ properties, street center-line survey notes, and location and ties of existing — 
monuments in the area if such ties are available. mo 


The data thus assembled are to be platted, the existing dimensions computed — 


for agreement and closure, adjoiner boundaries related to the instant property, 
a paper “ows detern mined. 


and new plat is for the ‘final of the 


The second trip to the field (assuming that all necessary and discoverable 
data have been previously o obtained) will set the monuments of ther relocation; 
and these of course will conform with the plat and will bear « any authorized 
markings or structure regulated by law. 


is 


by the method ‘procedure as 
Management (formerly, the Land S. of 
-Interior.? Very little deviation from the can be permitted ; yet close 


study of the manual is necessary to arrive at the precise variant applicable to a 


Argument that monuments govern regardless of description or record “al 


pertinent only if the original survey is precedent to the record. , & the  owner-— 
“ship i is established, as in many cases, by a description drawn from a plat, or by 


compilation. from record s sources, then the 1 monuments must be assumed as 
_ confirmatory rather than determinative and ‘subject to valid replacement in 
conformity with interpretation of the ‘documentary positioning. if the con- 
trary v view is held, it can be maintained only by support of legal decrees, or 
through m modification by agreement of adjoiners properly. recorded. 
_ Monuments: discovered in a survey cannot be e accepted in n themselves, as 
"definitive of the corners they purport to occupy. It is required “in every 
_ instance to identify them n by : a conformal record dimensional relation with some 
: other physical object, to p prove reasonably (1) that they are in the position of 
. ‘the original corners; (2) that in the event they are found as replacements of 
- originals, they have not been deliberately or accidentally misplaced; and (3) 
that all persons concerned with their establishment and use, consent, actually 
or impliedly, to the accuracy of position. 
| A Maps « of groups of parcels o or lots, when recited as a part of the description, . 
a must be considered as a whole in the location of any part. A reference to a 
2“*Manual of Surveying Instructions for the of the Public Lands of United States, 8. > 
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record in a document incorporates therein all the ieleieniilbe | and substance 
of such reco ord applicable to the interpretation of the terms of such document. 
Consequently, the location « of the corners of a lot in a block must be propor- E 
_ tionately related to the corners of all other lots in the block. The surveyor 
“must establish the block ¢ corners ; correctly, € either from accepted 1 street center 
lines, monuments ‘shown on the map or existing. physically, or from other: 
sources. Having so fixed the exteriors, he sets his lot corners by the prorate- 
_ method of measurement. Such a method i is not rigid, howevel ever, because other 
control factors, for example, verifiable « original lot corner ‘positions, may force 
‘the abandonment of the prorate measurement. Here i is where the evidence, 
theory, and judgment of the surveyor must be w weighed and pr proper ly concluded. 
Regardless: of the fact that the basis: of land ownership is the possession, a 
visibly, by structural objects or boundary monuments of the land itself, a great 
-! ‘percentage of "present day holding and transfer of property is maintained 
Ber the record ¢ only; and the g ground | location i is not identified by monumen- 
tation until the owner wishes to avail himself of its actual use. It follows then 
4 that, in most cases, the surveyor must predicate his work first” on the record, 
and, second, on the possession. 


... henever the surveyor is called upon to locate by title of record, disregard- 

_ ing possessory claim, his procedure is governed almost entirely by the proper — 

the of the deed description. Except for specific physical 
identification of the tie and r reference calls of the ‘deed, the field examination 


ies : reduces to a mere correlation of available infor mation for p’ purposes of analy sis. 


a In cases of this kind, the correct placement of a boundary from the record is | 


of and the actual ground of Iti ‘is his. 
or holding, , such conditions be met cer circumstances, he must. 
inform his client of the facts, and withhold final location until proper adjust- 

ment is made, either by ay agreement or court action, = 
‘The questions of finance, relative value of property to survey, ethical — 
distinctions, or efficiency of of mechanical processes involved, are not considered — 

in this : paper. They have no bearing on the premise or conclusion that n no 
survey location of land areas is complete unless it corresponds and coordinates — 
with the record title or a proper modification of that title. ea A as 


A broad ° view of the field of property boundary surveys and an analysis of 
“the factors governing correct location of such boundaries indicate the following — 


(8) Complete information and data of together with any other 


available documentary material affecting the project at issue; 


| 

| 
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a - — ) Skilled, experienced, and able pro essional men, trained in field, officell 
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(4) Sufficient preliminary field work to supply corroborative physical in- in- 


formation in connection with the project; 
(5) Compilation, and sound, intelligent analysis. of the title and legal re- 
quirements necessary to fix a proper ground | location of title boundaries, or to” 


e a basis of adjustment through the medium of record agreement. 


- (6) Physical monumentation of boundaries when finally deterr mined, to- 


gether with | recordation of any necessary maps and documents which will” 


correctly delineate and describe such final boundaries—the physical location — 


and the record title are thereby brought into agreement. 
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VOUS, ARCHES, AND BEN 


PSIS 


Basically, tie method of column analogy, as by Hardy Cross, 
on M. ASCE, in 1930, aaeeie to beams, arches, and bents of not more — 
than three redundant elements. - This p paper offers an extension of the method 


to. continuous ‘beams, arches, and bents, provided that there are no closed 


panels. 


The procedure i is built around four broad steps: 
Select one span (any span) ata time; 
“Replace the elastic foundations ‘(item - substitute m me embers with 
such. that the transformed span is s equivalent to oa span 


Determine the elastic pr proper of substitute members and ‘proceed 
the application of fundamental column method. 


concedes in in that ‘there. ‘may y be better ‘methods of structural a 


for specific cases but h 1e offers the hope that, by excluding extensive discussion 
of such alternate methods, it may be possible to “sh 0 
“tool” for use in its particular fields of max 


In its original the a column analogy introduced by Pro- 
fessor Cross is applicable | only to single-span arches and bents with not more 


_  Notrs.—Written comments are invited for immediate publication; to insure publication the last 
discussion should be submitted by July 11,1949. 

im 


& 


1 Prof. of Civ. Eng., Chiao-Tung Univ., Shanghai, ‘Chi 
— 2**The Column Analogy,” by Hardy Cross, Bulletin No. 216, Univ. of Ili Illinois Eng. Experiment Station, a 


_ Continuous Frames of Reinforced Concrete,”” by Hardy Cross mit N. D. Morgan, John Wiley & 


Sons, Inc., New York, N.Y.,19320000 
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than three redundant Paani and the analogy lies in-a ‘* * * mathematic cal 
_ identity between the moments produced by continuity | ina beam, bent, or arch - 


and the fiber stresses in a short column eccentrically loaded. 4 In this paper 
the writer explores the possibility of extending the column analogy to the 
‘analysis of continuous arches or bents. that discussion 


confined to an objective a > appraisal of this effort. 


wall The extension is not applicable to — with closed panels (Fig. 1), and 


expected, however, to ¢ compare favorably with other ‘methods i in the determina- 


tion of influence lines for continuous arches or bents. 7 
y= Notation. —The letter symbols adopted for use in this paper are defined 
; ‘where necessary, in the text or by illustration, a: and are » assembled alphabetically 


for convenience of reference in the Appendix. 


‘Structural Formulas and —The following expressions ¢ are used 


without further definition in this paper: ve 
Flexural rigidity =E I 
moments of an elastic area are 


Second moments of area are 
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4“Continuous Frames of Reinforced Concrete,” by Ha 4 
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_ Expressions for horizontal and vertical reactions, and for 
“continuity,” respectively, are: For symmetrical structures 7 


an 
which | 


My 


The final values of ‘total horizontal oe reactions, 


respectively, 


= 


According to Profe Cross, 


the moments in the « column analogy are taken as posi-- 


tive when they produce tension on the bottom of a beam or on the inner 
side of an arch or bent. * * * Positive rotations are — as would be 
_ produced by positive bending moments. * * * = = — 
horizontal forces, pull at the abutments in girder of 
_ “For vertical forces, use the customary convention for shear in ieee 7 


ig (Positive shear is up on the left, down on the right.) = 


“Continuous Frames of Reinforced Concrete,” by Hardy Cross an and N. D. Morgan, John Wiley “4 
— 


Sons, Inc., New York, N. Y., 1932, pp. 
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for asymmetrical structures— _ 

and moments are, 
— 


> 
a 
= 


“The correc correct signs for changes in reaction are then au 


— 


moment is positive force times positive distance (distance measured up, or 
to the right, from the force to the section)” 


~The beam, arch, or bent AB in Fig. 2(a) is shown in Fig. 2(6) supported at 
‘the right end by the substitute 


Basle redundant elements (and | therefore | deflections) in span 4 AB are concerned, 
7 provided that external loads act on span AB only. | (In Fig. 2(a) if column BC 
7 is to be analyzed, instead of open AB, ‘it is assumed to be supported at point B Bo 
by the “elastic foundation” ABDE Similarly, the beam-and- column span 
BDEis to be st at aint B the “elastic foundation” ABC. 
ivalent to 
the elastic foundation BCDE (Fig. 2(a)), it | is necessary sufficient) that. 
original members and the substitute member give the same deflections and 
- rotations at point B when equal loads are applied at point B. Member AB is” 
temporarily ‘assumed ‘to be cut at point B, making the elastic foundation 
_BCDE (or the substitute member BB’) an ‘independent member. This prin- 


ciple is is illustr ated in Fig. 


column analogy or methods. Similarly, is possible to write mie 
corresponding deflections for the s substitute member BB’ ‘These deflections 


are given in the most general form, in Table 1, Equating eo re. 
deflections, lines 9 and 8, Table 1, yield, 4 
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Deflection Elastic foundation Substitute member 
atB | (BCDE) | (BB) 


Horizontal 


E 
{F 
ds 


in which ds i is an wn elementary segment of the st substitute member, BB’ , whose 
coordinates are referred to joint as the origin, ‘and whose flexural 
rigidity is E I (E is the modulus of elasticity; and I i is the moment of inerti 
of the cross section) . Dividing Kq. 1. 7D by Eq. 7a, 


_ Eqs. 8a and 8b give the coordinates of the centroid of the elastic area of 


The second moments referred to the ‘desitie center of BB’ (o or the centroid 4 


(2! 

“ar 


ARCHES AND BENTS 
er- ‘TABLE 1.—Formutas ror a SusstituTE MremsBer at Point B, Fic. 3 
| 
ric, dividing line 7, Table 1, by line 9, | 
4 
ia 


AND BENTS 


and 
from which 


I, = (ye + 


and 


Tn u using Eqs. 9 to ‘i, positive ur unit loads or moments at pc point B act in n the 
‘directions or sense shown in n Fig. 3. The same directions or sense is assumed 
‘positive for deflections s or rotation, res respectively. Then the final results will 

automatically give e the correct algebraic | signs, ‘regardless ¢ of the side of the 
arch, or bent on which the elastic foundation lies. 
Tt is not necessary (nor i is it possible) to know the flexural rigidity El at 
any particular section of the substitute member; it is not necessary (nor is it 
possible) t to know even the location of its axis. — Ww ith the properties deter mined 
peed 
_ by the formulas in Table 1, and by Eqs. 9 to 11, the designer ¢ an proc oceed with 


the applic ation of the column analogy. 
EXAMPLE 1 


The frame ‘shown in Fig. 4 is ‘solved in Tables 2: and 3, 
explanatory to anyone who has a proper ‘understanding of the analo 
‘The tabulation and the notations 
follow those of Professor Cross* > except that 
M., and M, represent, respectively, 
My, and M, in the Cross notation. These 
on are made to be consistent with those 
commonly used in textbooks on engineering 
Tables 2 “constitute the complete analysis 
of moments, column analogy, , in the elastic 
foundation ABDC (w hich i is the same as! HFJK) 
when unit influence loads are applied at joint D, Fig. 4 Ite can be noted by 
inspection of Table 2B that the an alysis 0 of moments ¢ due to the unit influence 


load Y = = lis unnecessary ; . but this has been included to make the example 


reasonably complete. deflections at joint D, namely, 522, 52, 522, and 
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then computed (Table 2C(b)). It is convenient to note = 


= ys 0. 38 gives a check to the correctness of the analysis. © Finally, ‘the prop- 
erties of the substitute a a DD’ are computed by formulas i in n Table 1 and 


2A. -—~Panenmen OF Bent ABDC, EXAMPLE 1 


Pl Moments ‘Second | Mo ents 


2 axryticy 


5 | 10 |-15| 0 | 22: 33.330 

20 | 20. +13 0 1. 


487.5 =1,|106.7 = Ty 


TABL EK 2B.— SLASTIC? ,OADS AND ForRMULAS: FOR mi, BE 


VERTICAL Fo : OMENT Z = 


4 
Pie My 


DC +10 +150 
0 


| 
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(see 
0 
2 | BD 0 
ah | d BF Bob | | 
Hortonran Force X = 1 | 
My | Me| Pl] x ly| My | Me 
| 


ARCHES AND 
“TABLE -2C.—Computation or Moments AND DEFLECTIO 
7 
4 Bent ABDC, Ex EXAMPLE 


HORIZONTAL Force ‘VERTICAL Force 
X | Moment Z = 1 


—15 3 
+15 
+15 
+15 


Horizontal 5 = 4 = +0. 038 


TABLE 3. 3A. —E1asric LoaD AND Formua, FOR mi, Bunr DEGF, 


2 2 

—15.00 
+15.00 


137.7 


a Elastic are area. See text (Example y, respectively. Iy ond respectively. My and Mz, respectively. 


TABLE BB. —Moments M =m, — mi ‘Bent DEGF, Exampie 


Bigs. 5 AND 6) 


— 

am Papen 
— Papers 
NS, Toby 

— 

q 

af 

+0.163 | —0.163 
0.212 | +0.212 
— 40.712 | —0.712 
+1.087 | —0.087 
£ 

: 4 

f 

ans 
ODI 
— 
— 

GF |20/20/+15; o {1 

— FP® |....]....] +15 0.1006 J+ 1.81) | | 

Correction. to centroidal ayic a 12 n n 

| 

— 

— 
No. 4 
| +15 82 = — 2.94 + 2.94 and 
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by Eqs. 7 to 9, as inion a 


=i pre ™ to Tables 2, Tables 3 contain the complete analysis, by column 
moments in DEGF, Fig . 4, and to be ‘supported 


— 16. 16.67! — 


Substitute 


1S 


SUBSTITUTE BENT (b) MOMENT DIAGRAM 


If desired, they can be readily computed by finding the moment and shear 


_ transmitted by column: DE at point D (or by column FG at point BP, Fig. 5, 
making subsequent computations: by superposition the in 


Tabl 4 


i 

d 
y 
pe 

52 
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‘The detern 
been elsewhere,* and the : application of the column to the s: same 


q 
problem is also well known.’ A simple ex- 
ample will be given to illustrate the useful- 
“ness of the method. 


point Q, Fig. 6. "The begine with 
a 1e etermination of the properties of the sub- 


stitute member DD’ (see Tables 4) and the moments due to virtual displace- 
ments at point Q, Fig. 6 (see Tables 5). 


Table. 4C(b), = 0.317 and 6.2 = 0.312, indicating an error as te 
_ result of slide rule inaccuracies. In subsequent computations the designe: 


igs 
would v use the average of these t two values . Finally, the properties of the 


substitute member DD’ are computed by formulas in Table 1 and by Eqs. 7 
to 9, as follows: 


= + 0.097 


TABLE 44. — Paoruarus o OF BENT Exanrsa 2 (Fic. 


First Moments | Second Moments 


00 5 225.0 33.3 


+ 6.22| 0.1005 + 1.51] +0.63 


| 
430| +3.52> | 1.60 | —13.49| +5.63| 171.4 =I, | 5 =Iz | +56.9 = In 


‘Structural Theory, Hale ‘Sutherland and H. Bowm man, Sohn WwW & Sons, Ine., New York, 


Y., 8d Ed., 1942," 
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Igy = 0 
No. 
1 | CD | 20 | 20 
2 | DF | 30 | 60 
7 — 
 @See Fig. 6 an able ‘or the properties of the substitute me 
_ lable 3A. and the text under Example] > Values of and espective 
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3LE 4B— — ELASTIC Loaps | AND FoRMULAS FOR mi, BENT 


10.0! 
“My 


15'><— 
(a) GIVEN ELASTIC FOUNDATION 


Given Computed 
6) : | 


—3.33 +150 


P 
Mv =0 
| —84.3] +35.2 

| 


... | 65.7;+68.5| —1.00 


1.6 134 ~ + e764 


TABLE —ComPuration OF Moments AND DEFLE JECTIONS, 


Bent CDFF’, EXampie 


a = ms — mi 


~—1.00 | ~1.101 
0 | 0 | 


: + 13.6 - 
os | 


ers ARCHES AND BENTS 
has 
ith SUBSTITUTE ELASTIC FOUNDATION 
the CD | -10.0] —15 | —15] 0 o 
|....| .. |46.57 =M, |+3.52 
M 
— Fiilc 40.101 
4) F 029  .x(. 
| — 


AND BENTS 
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12000 


2”8S10000°0- "1Z2000= j | 
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v6100+ = €-)x ¥9S00 


9€v0'0 + =(9620- 
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81000+ =(z1z'0-) X Z9€0" 
GSS0'0- XO0zI00 


0X2960 = 19200- 
X0Z10'0=SSS0'0 


sid 


‘¢”6£600000'0 + 7 


5900°0 - 

Z0€0'0 - =(28'I -) 9910°0+ 


-9790'0+ 


¥0Z0X0920'0+ = E8IO0+ | 


=(962'0- )x 09200 
=6LZX99100 


99100 99 
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—PRoPERTiEs OF B BENT ABDD’ (For Comrorarion OF 


Moments” Due To VirTUAL DISPLACEMENTS) ; EXAMPLE 2 


30S — a0 — 
GIVEN =... 


4 Given ERTIE 


— | First Moments Second Moments 


pe +15 + 6.75 | 0. 


Second correction to centroid} .... | .... 


| 

|4+ | 1.597 655| 169.4=Iy| 80.2=I, |+57.8=Iey 


_ For properties of substitute member DD’, see text under Example 2. °2z and y, respectively. ce 


TABLE 5B.—E astic Loaps on Bent ABDD’ anp Moments Due 
Virtuat DispLACEMENTS; EXAMPLE 2 | 


ol 


Computed 


1597 127.8" 60.5 278° 60.5 127.8" * 605" 


ion _ @ For properties of substitute member DD’, see text under Example 2. _ 


’ Correction to elastic centroid. 
‘ ‘These are values of >My and =Mz, respectively. 


@ These are values of M’y and respectively. 
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f M, in Foot-Pounds 
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‘TABLE, —ComPutation 0 OF Reactions AND Moments Dvr TO 


Bent ABDD’, ‘EXAMPLE 2 


—13.55 | 0 |—0.494 |+0.494 | 0 o | +00eee! - —0.0253 | 0 | —0.1872 a 


= 831 + 6.45 | O |+1.247 | —1.247 | 0 | —0.0873) +0.0873 | 0 | +0.1435 | —0.1435 
(23.49 |+ 6.45 | O |+0.974 |—0.974 | 0 | +0.1477| —0.1477 | 0 0.0260 +0.0260 


Fig. 7 gives the moments of the three s; spans. | The moments i in itis DF 
and FH, which belong to the elastic foundation, are found by superposition, 
making use of the results of Tables 4 and Tables 2. Si ordinates of a 
influence lines, represented by 


Trenstro 


XIAL 


is the due to continuity. 

In this paper the writer has attempted to do for the | column m anslogy what 

TY. . Lin,? Assoc. M. ASCE, J. A. Wise,* and others did for the method of © 
moment distribution. Each. of these efforts, including the present. paper, can 
be properly criticized on the ground that apparent savings of time in computa- 
_ tions are effected : at the expense of preliminary | work, - Nevertheless, the ideas 


—_ for discussion in this | paper seem to possess the following ; merits: By 


AND 


< 
a 


_—INFLUENCE ORDINATES FOR MoMENT, 


a accurately; and, asa a consequence, it is s especially useful as a a device for 


‘The letter symbols used in this paper conform “essentially with those 


‘cma by Professor Cross i in his exposition of the column analogy,?* 3.3 and 


also with tentative American Standard Letter r Symbols for ‘Structural “Analysis 
—1947). 


total elastic ET 


elastic area of a member; 


= modulus of elasticity; ee 


_1™*A Direct Method of Moment Distribution,” by T. Y. Lin, Transactions, ASCE, Vol. 102, 1937, 
ak Precise Moment Distribution Method,” by Joseph A. Wise, Journal, A. ACL, November, — > 


Sa 


| 
| 
} 
| 
= 
| 
a 
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total horizontal reaction of the structure (Eq q. 6a); 
_h = horizontal reaction of a structure, with  sabsoripta 8 and i ; denoting, Te- 
spectively, ‘ ‘statically determinate stru ucture” and “due to continuity”; 
second moment of the area of the cross section of a member (EI = flex- 


uralrigidity); 


—s , and I. = = the second moments of the elastic area, about axes 2, y, and 
y 

ty, “respectively; for as asymmetric members only, I’ » with appropriate 
denotes the. second ‘moment corrected for dissymmetry; 


4 ~ = second moment of elastic area for a single member only, with subscripts — 


_ corresponding 
-M = total bending ‘moment at any point of a a structure (Eq. 6c); : a 


and me = the total static moments of elastic load about axes ces and 


m= bending moment at any pc point of a structure, with subscripts s 
Tespectively, denoting ‘ ‘statically determinate structure” 


continuity”; 


= elastic load = 

pays aT 


7s length; : ds denotes any elementary | segment of any ‘member or substitute 


ano: ‘member, whose coordinates are x and y, referred to a given point ™ 


origin, and hose fi flexural rigidity i is HI; 
= total vertical reaction of a structure (Eq. 6b); 
_ v = vertical reaction of a structure, with subscripts s and t denoting, _— 


tively, , ‘statically indeterminate structure” and ‘ ‘due to continuity”; 


f= distance par allel to the z-axis; 2’, or with appropriate subscript, refers 


to some other origin; 2 denotes a centroidal value of z; _ 


y = distance parallel to ce y-axis; y,ory with app appropr iate subscript, refers 
ee to some other point a as origin; 7 denotes a centr oidal value of y; 


j 
influence torque; 


A= = static linear deflection, with : subscripts s and i denoting ‘ ‘in statically 

indeterminate structure” and “due to continuity,” 

6 = deflection at the supporting point of the ‘ ‘elastic foundation” due to unit 
influence load or torque acting at the same point; ; subscripts indicate at 
the directions | of the influence load and of the deflections, thus” Sey 
‘denotes the -component of the linear deflection due to 


= static rotary deflec deflection in the structure. 
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ANALYSIS | FOUNDATIONS WITH 
PILES 


‘BY HRENNIKOFF, 2,1 Assoc. M. ASCE. 


This paper a method of analysis of loads in foundations 


these ideas is ‘different i in so far as a clear separation is made of the aspects of — 

the problem that wn reasonably definite and generally accepted from weal 

- that are uncertain. ‘The element of uncertainty is present in the form of f three 
coefficients, characterizing deformability of the piles, whose values can 
be roughly y estimated. By w Ww ay of approximation, tl the two less important of. 


these. coefficients may be ignored and the third n may be expressed in in term ms of 


data possessed b me the designer, which lead to workable formulas suitable for 


practical: use. 


the sa same as in n the other ten manner aner of of applying 


FOUNDATIONS | 


as often as their advantages would justify. ‘Pechape one of the reasons 

| for this anomaly is the absence of a workable 1 method of analysis. a, 
In this connection one cannot fail to notice a conspicuous inconsistency in 
the usual | design practice. . On the one hand, many foundations carrying h hori- 
-gontal loads are pi provided with only ‘vertical piles, , 8o that all the horizontal 

- Tes traint is caused by the lateral pile resistances alone. — On the other hand, 

ww hen t the arrangement i is 3 such that two or more groups of nonparallel piles are 


.present, , the lateral pile r resistances are — ignored, as if a ere of 


—Written comments are Ser immediate 


= 
nd a 
ite 
| — 
ied 
pid 
ute F 
q 
fers 
by varying the values of these coefficients over a wide range, it is shown by an | ig me 
— example that the error introduced by ignoring the minor coefficients is only ce 
unit 
cate 
nce 4 
| 
| 4 


no ‘consequence. ‘This approach is out of line with the one adopted in the 


of parallel piles, 


Itt may ry be pointed out that pile foundations very seldom, if ever, fail because ¢ 
the piles break, but almost invariably fail because the movement of the founda- | ~ 


tion becomes excessive. ve. This: statement is in full agreement with the re recog- J _ 
nized method of the allowable loads on piles both in longitudinal 
and in transverse directions by loading tests. Thus, most building codes | 
specify that the safe axial load on a pile must be such that the settlement 1 pro- pth 
duced does not exceed a definite small value, such as 3 in. With regard to the i 
‘ allowable lateral loads most of the codes are silent, but here again resistances _ ths 


specified by some authorities are based o n definite small displacements of the 


il 


In the ‘foregoing it was shown » that, from the viewpoint « of ‘design, the pile 
toad is considered merely as a symbol for deflection specification limits 
the pile load to 20 tons, it is not because a 25-ton load is believed to break it, 

or at least bring it too close to failure, but but because the settlement corresponding 


to it is expected to be excessive. 


‘This symbolic use of the allowable load is not limited to the piles alone, 


but i is common in other cases as well. For example, the allowable load on soil 
is governed largely by the expected settlement of the structure. 


The close relation load on a pile and 


analysis, previously. referred 
to, w hich consists of disre- 

garding | the lateral pile 

sistances. One might think 

that, once the lateral pile re- 

7 sistance is omitted, the total 
pile resistance is under 
mated, and the design ‘is. 
“conservative. This conclu- 


= sion, howeve er, generally is 
not correct, as is shown by 
‘the following. 
Fig. represents in a a 

simplified form a foundation 
supported | by two piles in- 

clined i in opposite directions 


Fie. 1 


apo q 
Cs —e 


The foundation — carries a PI 
vertical _" of 40 40 kips and a horizontal load of 6 kips, applied as shown. The se 
lateral pile resistance is disregarded. . ‘Tti is assumed that the allowable axial re 
load on each p pile i is 40 “, and that the axial displacement of the e pile head gq ® 
_ produced by this load is —? in. . The latter statement implies that ume bas 
of the foundation in excess of 2 j in.is objectionable. = be 
_ lated Pile-Loading Tests,” by L. B. Feagin, Transactions, ASCE, Vol. 102, 1937, » P. 236. io 
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"By constructing two separate force triangles, one for horizontal loads and _ 
one for vertical loads, and then by combining the forces, the two pile loads are 
P=} : x 40 X sec 10° + 4 X 6 X sec 80° = 37.6 kips | 
= } X 40 X sec 10° — } X 6 X sec 80° = 3.2 kips 
‘Inasmuch a as both P; and P2 are compression loads and are less than 40 Kips, 
Consider now the horizontal displacement of the foundation. Assuming 
- that the deformation is proportional to the load, the axial displacements of the 
pile heads are found to be, for pile 1, 352 and, for 


“found at the of the line pile» 1 and located at 
0.352 in. below O, and the line BBi, normal to pile 2 and situated at 0.030 in. 

Evidently, OD = 0.352 cosec 20° and DO; = 0.030 cosec 20°, so that the — 
horizontal displacement | of the foundation i isd A= (0.35 352 — 0.030) X cosec 20° a 


. cos 10° = = 0.928 in which | is much g greater than 4 in. and therefore is 
inadmissible. 


_ The large value of this displacement 1 is, of course, the direct result of the _ 


small batter of | the piles; it would decrease with an increase in the batter. 
"However, practical considerations of pile driving preclude too great a batter, . 4 
and the situation presented herein appears typical. Thus, the fact that the 
axial pile loads are moderate is no guarantee © that the displacement of the 
foundation i is small and the design adequate, unless the lateral “movement is 
~ small also, or unless the lateral pile loads are moderate i in comparison with 
“the allowable values, based 0 on small displacements. 


Mernops OF ANALY 


the proposed in this paper it is desirable to o 
briefly predecessors of the method. 
In the method developed by Swedish e engineers and presented i in the ee 
States by C. P. Vetter, M. ASCE, the lateral and rotational pile resistances | a 
and M, acting on the ends of piles (Fig. 2), are determined by assuming the 
pile to act as a free beam fixed at some unknown depth h. ‘ This assumption — 
has two weaknesses: (1) No method is suggested for determining the unknown 
depth A; and (2) the pile i is actually loaded along its entire length by the side - 
pressure of earth, and it does not resemble a free beam of span h. 7 Also, n no- 
section of the pile i is fixed both in position and direction, as is is assumed with _ 
7 


- gard to the section at A. The effect of these erroneous assumptions i is that 


‘no single value of h can pera in true values of both end resistances M and _ 
corresponding to different displacements of of the pile head. No estimate of the 
error resulting from ym these incorrect assumptions seems to be possible. — — 


* "Design of Pile Foundations,’’ by C. P. Vetter, Transactions, ASCE, Vol. 104, 1939, p. 
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3 The method of pile design‘ of | Carl Culmann is ia on the ates of 


Pro the resultant force acting on the . foundation, into three ecmponent forces 
(Fig. 3), acting in the directions of the piles and passing through the centers 


be an unnecessary 


Group 


deforr mations is method od is subject previ- 
ously discussed in connection with Fig. 


- ¢. Each pile group is s replaced i in 1 analysis by a resultant pile located at ut the 


Ait 


enter of gravity of the pile group. hen several | piles are” present in each 


developed by virtue of ‘the: piles. over an 1 area, thereby vunder- 


estimates the strength of the foundation. 


The method « of H. M. Westergaard,* M. ASCE, also ignores the lateral pile — 


Tesistances, a and is thus subject to the same criticism. a 


TIONS OF PROPOSED Merxop 
¢ ‘The method presented in in this paper | is based on the following 5 snumptin: 


» 28 The load ¢ carried by each pile i is eiailiaai to the displacement of the 
_ pile head. Ir In the most general case this displacement consists of three com 
ponents: The axial (in relation to the pile) displacement, 5; the transverse 
displacement, ; and the rotational displacement, a. a. Although the 


4“Theoretical Soil Mechanies,’’ by K. Terzaghi, John Wiley & Inc., New York, 


Resistance of a Group of Piles,” by H. M. Westergaard. Journal, Western Soc. of Engrs., s., Vol. 
22, 
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ments thus defi ined are proportional to the forces prodncing them, they need 
necessarily be considered as elastic. 
_ 2, All piles behave alike with regard to the load-deformation relation, = 
% “The footing, in which the pile heads are embedded, is absolutely rigid. 
; 4. The: problem is two-dimentional—that i is, the piles, : as well as the exter nal 
ct are arranged in planes transverse to the length of the foundation, and 


they are symmetrical with regard to the transverse middle onl Under Inder these anda 


—_ all the pile movements take place i in transverse pla 


5. The footing movements are smal, 
tis of course fully realized that none of these assumptions is exactly true, 
- but it is believed that in most cases they do not misrepresent the actual behavior 
of the piles greatly, and, at the same ti time, no reasonably workable analysis 


can be developed Ww ithout their assistance. When physical conditions i in andl 


when the footing i is not tigid—the theory, of course, fails. The s same : - assump-— 
tions have been used by Mr. Vetter and Professor -Westergaard. —— 


Tue Prine Constants 
‘The pile constants are wieieu as the forces with which ‘the pile acts on the 


oundation when the pile head is given a unit displacement. _ There are three | 
sets of these constants, corresponding to three different kinds of displacements. 7 


‘Displaced 


Position 


longitudinal displacement, 6; i= 1 in. (Fig. 4(a)), brings into play 


single constant n which is measured in a, inch and acts in the “aa 


A unit transverse movement, 1 in. (Fig. 4(0)), produces a transverse 
resistance ts and a rotational resistance: ms, measured in pounds per inch and 


1a & 


= A unit rotation, dead 1 radian (Fig. 4(c)), is accom npanied by a rotational 
resistance Mq and a transverse resistance ta; , measured in pound- ‘inches per 
radian and ‘pounds per radian, respectively. 7 itm may be observed that no axial 7 
‘Resistances a: accompany either transverse or rotational displacements, and no 
——- or transverse forces are brought into’ play by the axial displacement. 
_ It should be emphasized that the pile constants as defined herein represent 
the effect of the pile on the footing and not vice versa. _ Therefore, the direc- 
tions: of these constants: must be As be expected, the 
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tia > primary constants (n, , te, and Ma), are are directed opposite to the pile head 

: _ displacements creating them, whereas the two secondary constants (ms and ta), | 
a 7 i _ which are 2 only incidental to to the displacements produced, stand i in such a rela- | | 
tion to their | primary partners (that is, to ts and Ma, respectively) that, if the the 
q q ee _ t constant is directed to the right, the m constant is directed counterclockwise, J i, 
By the Betti theorem,® ta = ‘ms, so that in the most general case—that is, 
when the ‘pile head is deeply embedded in in the footing—there are only 
constants characterizing the load- -deformation — m= 
i When the footing barely engages the piles, their hends may be considered 
instead of fixed, and ms; = 0. ‘Likewise, the two @ constants and 
not be considered in case, and only nandésremain, 


‘Fig. 5 5 represents the foundation of a a structure ‘supported by piles and re- 
Ga ferred to re rectangular a. axes. For convenience, e, the z-axis is made coincident _ 


Displaced Position the footing base; the positive 


directions of the axes are taken to 
right and downward, a and the 


“origin is chosen arbitrarily. The | = 
foundation constants are defined as 
the resultant forces with which all ; xi 
piles a act. together on the footing, = 


the footing is ‘given unit, 
‘translational displacement in 
positive direction of one of the axes vor 
or a unit rotation about the or igin wit 
in the clockwise tha 


and the moment t about origin. Thus, unit displacement along the r-axis | to 
gives rise to the constants Xz, Yz, and M., in ‘Fig. . A unit displacement = 
along the y-axis creates the constants X,, Y. and My, , whereas a unit rotation 
about the origin produces the constants Xa; and Me. By the Betti law 
three pairs of these constants ar are equal, “thus leaving. only six independent 
values: 7.7 2= X,, Mz Y,, My = Ya and Ma. . The positive signs 
4 of these functions correspond to the positive dir Geet of the axes and to the e 


to adhere strictly to the sign eee explained, keeping in a 
that the foundation constants represent the action of the piles on 1 the founda- a: 


tion, and not the opposite effect. 


 6“Theory of Statically Indeterminate Structures,” by W Ww. M. Fife and J. Wilbur, Me McGraw- ‘Hill 


a 


= 


4 ‘Det Co., Inc., New York, N. Y., 1937, p.39. 
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on the structure it is necessary to find the three pers in displacements an 
the foundation: The displacement A, along: the z-axis; the displacement . An 

along the ; y- -axis; and the angle of rotation, a. _ These displacements a are found 
by setting three ‘simultaneous equations | expressing the equilibrium of the 


foundation under the action of the external forces and the pile forces induced 


Let the > components of of the external forces, acting in the positive directions 
of the AXes, and their ‘moment about the c origin, be , and M. The forces 
‘induced by ‘the displacement . ‘A, are then X,A; and Y, A, the 
| and the y-axis, respectively; and M, Az, a a moment : about the « origin, 
‘The devees produced by the displacements . Ay \y and q@ are are > expressed in a 
similar manner. equations of the footing are then 


+X, Ay + 


X,4.+ y=0.. 


‘ments of the individual pile heads are found by geometry, and from them the 


axial, lateral, and rotational pile loa loads are easily computed . 


Axes 


in a modification of the procedure the coordinate axes, 


would | ryt a moment without any force. | The similarity of this soos 
to the analysis of fixed- ended arches by means of the elastic center may be _ 
easily recognized. this case, the three displacements o of the foundation may 
be : found directly without solving the simultaneous equations. _ Although in 


parently simple i in principle, approach has been. found laborious in 


practice and for this reason is not pursued herein. 


| FOR THE Fouxpation -CoNSTANTS 


a Fig. 6 Tepresents | a foundation supported by several nonparallel groups | a 


ants piles. " Group 1 includes N, piles. making an angle or) with the foundation base; 
sary ff group 2 includes Nz piles at an angle ¢2, and so on —the total number of pile 


- groups being g. The angle ¢ is measured from. the positive direction of the 
-axis clockwise to the given pile. 


The footing is displaced a unit distance parallel to itself i in the positive 


- direction of — a-axis. Inv view of the rigid embedment, the piles 1 retain their 
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Ay, ¢ a distance cos 1 along the pile and sin across the: pile: away point A. 


Fig. 6 A force, n cos 1, along the fe a force, ts sin os across the pile; and a 
moment, ms sin pi. ‘Simi- 
forces are evidently 
applied at the heads of the 
other piles, the only 
difference their -alge- 
braic expressions is in the 
subscript of of the angle o. 

The sum sums of the com- 
of all the 
pile forces in the directions 
of the axes represent the 
foundation constants 
and Yz. The part of X, 
contributed by the two re- 
of Ai is, with 


a of the: same group this 
7 contribution is Ni tines 


terms of the form expressed by the brackets. 


‘contribution of f pile A to ‘is ts sin $1 cos cos sin gi, or 


(n — ts) sin 2 Th Thus, 


The moment produced by the ines of pile A about the origin is 
Yom + ms sin $1, or —3 (n— ts a) § sin 2 $1 (21) + ms sin The moment of all 
the piles of group 1 the origin is (n ~ sin 2 1 (a1 +a. 
ms sin or (n — ts) Ni sin 2 $1 + Mit ms sin in the 
abscissa of the center of gravity of a all the pile heads in group up 


these moments for all g 
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| 
~Fig. 7 presents the diagram needed for determining the Y constants of the 
foundation. The footing is Ss moved : a unit distance parallel to itself i in the posi- 
tive direction of the ; y- axis, so that the head of a typical pile | of group 1 is 
moved from A to Aj, a distance sin ¢; along the pile and cos ¢; across the pile. 
‘The for forces induced in the 
pile by these displacements 
are shown in their ‘proper 
directions in Fig. 7. 
Summation of the 
components of all the pile 
forces, and of their n moments 


about the origin, gives 


sin? 


wou would be that a rotation da in the 2,da.) This displace- 
“ment is resolved into the 
components z sin , along 
the pile and x; cos ¢; across © 
a the pile. — Because of these 
the pile ex- 
erts s forces on the founda-— 
tion—n X1 sin n along the 
pile, and ts 21 cos ¢; across 
the pile—in addition to the 
moment, ms 21 COS gi, about 
the origin. The pile head 
also undergoes a unit ro 
tation, which brings into 
play the transverse force 
te and the moment mq in © 
‘the directions shown in 
‘Fig. Taking the sum 
of the contributions of all piles t to the moment about the , origin, anc and keeping ng in 7 
mind that m; = tay the remaining is be 
LL (nsin? + ts ec cos? ¢) (N cos $) ). (4) 
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signs, ‘represent forces and moments the piles on the footing, and 


by the footing on the piles. Positive signs of these functions indicate forces 
acting in the positive directions of the coordinate axes or, in the case of mo- 
ments, in the clockwise direction. ‘The x coordinates and the trigonometric 


; functions in their expressions must be taken with proper algebraic signs. = 
a) Eqs. 2, 3, and 4 presuppose full embedment of the piles in the footing, which 
makes thew ‘ahers as if they had fixed ends. WwW hen the embedment is small, 

a pin- -ended condition ensues, and the corresponding formulas for the pile 


may be found by ms = mq = in Eggs. 2, 3, and 4. 


=. ‘Substitution o of the values of of the foundation constants and of the exter nal 
forces” | © # ‘and M acting on the structure in Eqs. 1 results in determination 
of the foundation displacements A, along the z-axis e along the y-axis, and 
the angle of rotation a. Positive values of Az, ee and a a correspond to positive 
directions of the axes clockwise rotation. 


_ Prior to determining the pile forces it is necessary to obtain the expressions 


for the pile head displacements. ia This is done i in ‘elation to a an arbitrary pile 
with a coordinate 2; (see Figs. 6, 7, and 8) as follows: oo _——— 


a 4iic 


Th ownward, 


= A, cos 1+ Ay sing: + azsing 

& the transverse displacement to the right, 


2sing, — Ay cos $1 — COS 


and the rotation, clockwise, a. - 


The ex expressions f for the » pile forees are as fc follows: 


vey = 


‘The longitudinal | force (compression), 


‘ sg the transverse force, acting on the 


and the moment, acting « on the foundation clockwise, | 


the expressions for the pile loads (Eqs. 6 and are functions 
the > pile constants, it i is important to ) realize that it is not the constants — 


3 the following. Suppose that all four pile constants decrease in the same ratio q. 
_ Then, as may be seen from Kgs. 2 » 3; and 4 4, , all the foundation constants are 


4 q times. The 1 result is that the foundation displacement, determined 
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from 1, the head displacements 61, 6;, and (Eqs. 5), all become 
i’ times greater. Turning now to the pile forces, it may be seen that Eqs. 6 7 


| and 7 are made up of the products of the pile constants and the pile displace- 


ments, and because the former functions decrease q times and the latter ing 


crease q times, the pile forces r remain unchanged. 


Thus, in the general case of of fixed- ended piles, their loads ar are fully deter- 
mined by the three ratios, = 


= rs both “zero. 

‘It is preferable to ap- 
"proach the problem by the 
method of ratios rather than 
that of constants, not 


also because ty 


“the: most important the f 
-Tatios, is more easily ascer-— Pues 
-tainable than the pile coef- Group 2° 
ficients, as made clear later. 
For the purpose of explaining 

the ratio approach n new quan-— 


tities, referred to as the reduced foundation constants, are introduc ed | Th er 


expressions are as follows” (see Fi ‘Fig. 


= 


+r, 


+ r; cos? ¢) N 2] - — cos 0s $)..(9e) 


1950 
oper 
and 
rees 
etric 
hich 
sitive | ratio, rs, remains, 
a Fie. 9 
. (6a) 
| Y’,=- 
tu 
ratio q. Ma _ 
ats are | 
‘mined 
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rearranging to the om: 
+ Beas 


and substituting 


_ for the expressions in the brackets, named the reduced foundation movements, 


Ye is + Yd + 12b) 


2A’. + M’,d’y + + 


—from which an a’ can be deter mined. The actual foundation 
‘movements and the ‘pile aad displacements cannot | be found d by this s approach, 


but the e pile loads a are easily determined as as follows: 


duced head | displace- 


‘ments are 


6, = A’, cos 
+ A’, sin $1 
+ a’ sin gi. (130) 


= = A’, sin 


Q= tra! (140) 


Determination of the numerical values of the pile ratios, as - as of the 
_. a2 pile constants, is at best a rather uncertain procedure. Fortunately, however, 

7 the difficulty arising because of this uncertainty can be overcome by means of 
a moderate approximation, which at the same time adds to the e practicability 


— Although the foundation constants proper are unknown, aft 
ermined because they are expressed in of tho 
rn 
= 
= 7 
At 
ing 
on 
— 
are 
| = 
_ 


of the me 
out serious error, , to ignore pecan the ratios rz and rs, ond to ) express — 
remaining ratio, m1, in terms of the data possessed by the designer, oe 
a It is interesting to note that the ratios rz and rs (or, which is just the same, — 
the constants ms and Ma) are disregarded in the conventional 


analysis of vertical piles (Fig. a. . According to this method, the axial load | 


on the extreme pile (at a distance x; from the origin to the pile ante; is _ - 
whic clearly omits the effects of ms and Ma Actually, the influence of ms is : 


. sd manifested in the end moments on the piles, due to the horizontal displacement 
nts, of the foundation produced by the hori-_ 
sontal force X, thus_ augmenting: the 


| external moment M in its effect on the 


12b) values of the longitudinal pile loads. 

‘At the : same time the rotation of the 

12c) ing caused by inequality of the long’ 

aa tudinal pile | loads results i in formation of 

tion ‘the end moments, which are dependent 

ach, ‘on ma, and somewhat reduce the verti- 

_ eal pile loads. Thus, the usual design 


re- practice, when applied to foundations 


supported by the vertical piles alone, 


definitely i ignores the effect of re and ‘rs without explicitly stating so. _ 
Analysis of pile foundations by y means of a single ratio 71 involves omitting 
from the equations: ‘concerned terms containing the ratios and rs. The 
moment on the end of the pile (Eq. 15) is, of course, eliminated. _ The com- 
plete set of equations required for the pile load analys sis by the approximate 
theory includes, in addition to Eqs. 9a, 9b,9dand11, | 
My = Va = — CL (sin? + + 11 cos? cos? $) 


‘Eqs. 1 17, 18, 19, and 20, as well as Eqs. 9a, 9b, 9d, 13, and 14a, involve no ap- . 
proximation when the piles behave as hinged at the top ends, but the values of 

"for the pin-ended condition and the fixed-ended condition are quite different. 
If the allowable loads on the pile in the axial and transverse directions are 


—— Py and Qa, respectively, and the pile head displacements caused by these loads 


— 
vers | February, 1949 
the 
rm: 
: 
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ila 
= 
) 
(13a) 
i 

7 the 
0) 
(1 4a) | 
(14d) 

(15). 
$55.5; 


} Inasmuch as as the Is lateral pile x resistances, as well as 3 the axial resistances, are 

: constantly relied upon in the usual design, the values of both “ and Qo must 
= be known to the designer, whether by code, by test, or by guessin _ Therefore, 
the ratio r; must also be known to him. . This ratio can be wrong g only if un- 
os easonable or inconsistent values have been chosen for Qa and P,, in which 
ase the resultant error in in all fairness cannot t be charged to 0 the n method, just 

as the theory ¢ of reinforced concrete cannot properly be charged with the dis- 

- erepancy arising in the case of a reinforced concrete structure when the design 
is based on the assumption of 3,000-lb concrete : and the actual strength of con- 

erete in the structure is only 1,500 lb per sq i in. 

The comparison with reinforced concrete is instructive from 

7 viewpoint. I It is well known that the relation between stress and strain in 

concrete is s neither strictly, linear, even at the beginning of the stress-strain 

curve, nor fully elastic. _ Furthermore, the so-called d secant modulus, even in 
concrete of the same strength characteristics, is a quantity quite variable for 

_ different specimens s and much different from the generally accepted value of 

= 1,000 f’., yet the conventional design of ‘reinforced concrete i is seldom 
questioned with regard to the bending stresses in concrete and steel. It seems 

- reasonable to adopt a similar attitude in the design of pile foundations. Then 

7, may be looked upon : as a relative measure of pile resistances, even when the 

Bean of the allowable pile loads on the e displacements becomes obseure. 

it appears that a ‘moderate variation in the assumed value of T, does not 

. — the 1 values of the pile loads a great deal. If If for r some special : reasons the 
assumed allowable pile loads Q, and P, are based on on different values of the 
displacements 6a: and 6,1, a simple adjustment can be made in Eq. 22. 


The actual wahone of the pile loads P and Q , found by Eqs. 14a and 20, 
should not exceed the allowable values so that = =, 


Subs 


then minus s sign as is found that 


lowable loads (62): = | th 
7 
t 
m 
— be 
of 
0 
la 
imina 
fo 
| = 8, < Qe... 
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Compliance with Eq. which is equivalent to Eq. 288, insures that the 
(218) lateral. pile load and the lateral displacement of the pile head are not excessive. — 7 
| stated in the form: - 

Eq. obviously means that the lateral pile movement not exceed 
the axial movement caused by the allowable longitudinal load. Evidently, 

condition must be satisfied by piles in all whether ‘they a are e analyzed 
es, are “by, a single ratio, ry or by all three ratios. 
must hen the lateral pile resistance isn nesligible, r, may be assumed to be zero 
refore, } in the expressions for the foundation constants and for the pile loads.  How- 

if un- “ever, the condition expressed by Eq. still holds in this | “case w 

which | against an excessive lateral pile n movement, similar to that discussed under the 7 
d, just heading ‘ “Pile » Foundations.” 
he dis- a, In most cases the piles are nearly» vertical, with the result that the value of | 
design } the horizontal movement of the > foundation A, is fairly close to the value of 
of con- the lateral pile movement 6,; for this reason the condition: 

rain 10 | may be used as piesa equivalent to Eq. 246. = Thus, Eqs. 23a and 25, 
strain | or Eqs. 2 23a and 24b, may be used in all cases as the criteria. a adequacy o of 
ven in the design, in lieu of of Eqs. 2 
seldom Determ mination of the pile constants n n, ts, , ms, and m Ma or of the three ratios 
i seems Ny Yo, and r; need not be considered as a necessary part of the present investiga- 
— Then tion. | ‘However, in order to check the agreement of the approximate and the 
hen the ‘more exact analyses of the pile foundation, it has been found desirable to m make 
bscure. rough computation of these constants. Them method used is admittedly crude, 
oes not § being based on a number of rather arbitrary assumptions. This « a 
ons the — however, should not detract from the usefulness of the numerical investigation 
of the founded on it, because its main purpose not in determining the true values 


and the n more re exact pile onions under —" all possible combinations of 
piles and soils. The range of the p primary physical coefficients determining =o 

values of the pile constants will be chosen so wide that the true values of the | 
latter are not likely to go beyond the limits assumed in the » investigation. - 


VALUES OF n 


ot follows from Eq. 21a that small values of n occur with lightly loaded 
piles which settle a great deal, whereas large values of m occur ' when the piles 
are loaded heavily but their settlements are small. a Allowance must be made 
for both the deformation of the soil under the foot of the pile and the elastic 
shortening of the pile. A }-in. axial displacement of the head under the allow- an 


able load will be considered a large settlement; the small settlement will be 


| 
— 
| 
— 
| 
ag 
and 20, i 

inating 

ee (24a) 

(248) 


= PILES 


taken equal to the deities shortening of the pile alone. In the latter case 
distinction will be made between a very weak soil (so soft that it offers no bans 
support to the pile), in which the pile is assumed to be driven to a firm stratum 
below : so that all its axial support comes from the foot reaction, and other soils, 
in which the pile is assumed to be supported | by skin friction 1 alone. The pile | 
- shortenings i in these | two types of soils are found by the formulas: = 


Two rather extreme . classes of piles are used in the following analyses—a 
--30- 0-ft timber pile, 9 in. in average diameter, and a 100-ft reinforced concrete 
pile, 2 20 in. . square. The data pertaining to these me piles, together with the 


computed values of n, are given in Table 1. 

TABLE 1 1.—Data AND ComPuTED VaLuEs OF n FOR SPECIMEN: ‘PILES 


Sec- | Area? | of elas- Maximum 
) | in.) (kips per (ips) Mini-|—___ 
sq in.) mum | Very 


mum mum | Very 
Other Other 


30-ft timber > | 63.5] 1,500 0.5 | 0.1134 | 0.0567 60 330° 

4 100- ft reinforced concrete} 20¢ | 400 3,000 140 0. 0.1 14 {0.07 | 280 | 1,000 | 2, 
Average. Round. «Square. 


Constants m3, AND Mq 
values of the constants ts, ms, and mq can be determined by 
considering the pile as a beam on an elastic foundation of infinite length, loaded | 


at the free end? ‘The end conditions n necessary for determining ‘the 
Me 
“Fie. 12 


& and ms are shown in 1 Figs. . 12(a) a and 12(b), in w which the transverse force i is 


ts and the end moment ms, whereas the deflection at the end is unity, and the 
_ angle change is zero. _ For determination of mq, the end conditions (Fig. 12(c)) 
are: A transverse force ta = ms, a Moment mg, zero end deflection, and at 
Strength of Materials,’’ by 8. Timoshenko, ‘D. Van Nostrand | Co., Ine., New York, N. ‘Y., ‘Vol. 2, 


eee 
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_ angle ¢ shane. Translating the notation of 8. Timoshenko into that of Fig. 12, 


‘in which is the of the soil, defin 1ed as ratio 
- per unit length of pile and the corresponding deflection | of the oe at the same 


point, that is, 


Also, the 


in which I and E are, respectively, the momen 
and the modulus of elasticity o of | the pile. 
pinned « ends (Fig. 12(b)), 


s method involves the approximations and assuinptions that: (a) The 


‘intensity of the earth reaction at each point of the pile i is proportional to the 
de eflection of the pile at the same e point; (6) the cross section of the pile is con- 
stant t throughout its full length; « and (c) t the pile is infinitely long. Under the 
ast the greatest error occurs when the pile is short and rigid 
t 


e soil is weak. Correction for the finite pile length 1 is possible but inca 


and calculations indicate that this error is moderate even in the extreme cases. 


PRESSURE Constant 


The value o of tthe soil depends o on the stiffness of the soil, 
the size of the pile, and its cross- asetional shape. Baysagh widely different classes 


sq ft; (2) in. under a of 1 kip per per sq ft; 
(8) medium, compressing 1 in. under a pressure of 10) Kips per sq ft. "Generally 
_ speaking, soil firmer than medium is not likely to re require e the y presence of piles, 
and therefore is not considered in connection with the pile constants. 7 oe 


q oA round pile, by y virtue of its ; shape, is believed to to produce a a sort of wedge 
7 action on on the soil. _ This condition is allowed for by assuming that for a round 
_ pile the deformation is double that of a square pile of the same diameter. 7 


: The computation of k may be illustrated by the following examples, both a 
of which soil: 20-in. square pile, k = 12x12 13 lb 


1090 & 


case a 
jratum 
(26a) k _ 
(266) 
ses—a 

t of inertia of the cross section 
1en the pile behaves as 
XIMUM 
_| Other 
| sol 

530 
) | 2,000 % 
| 
ed by 
stants 
- 
ree is 
id the 
12(c)) 
unity 
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é The values of the pile constants ts, ms, and Ma together with values of k ‘kand At 


orresponding to different piles and soils are given in 1Table2. iri - 

- It is interesting to present at this point the available result of an independ- | 

ent determination of 1 the pile « constants. In a rather el elaborate theoretical in- 


= 


in 322 | 1,500 | {Weak 
{Very weak | —_:13.88 | 
13,333 | 3,000 eak 138.8 


vestigation, based on the data of of lateral pile loading tests performed by I L. BL fu 
Feagin, M. ASCE, ALE. Cummings,® M. ASCE, arrives at the following values eh 
_ (in this paper called the pile constants) for a round timber pile of 12-in. average th 
_ ; diameter, with J E= 1 .878 kips per sq in., in the soil described as medium sand— pi 
ty = 82 kips 1 per in. and ms = 1,200 in-kip ) per rin. Reduction « of the constants & ti 
- of the 9-in.-diameter timber piles in Table 2 to comparable sizes and stiffnesses J fo 
gives” resultant values: of 27.3 kips per in. and m; = 895 in-kip per in, or 


WwW ith all the uncertainties of the > underlying theories | and the indefiniteness. of Bat 

7 "the soil designation, the agreement of these two sets of constants must be te 
—_ The values of of the three : r ratios are also given in in Table 2, two s sets of ratios J th 

7 - being | given for or each class of soil and each ty] pe e of pile. . The m maximum values" ie 

eorrespond to the least values of n in ‘Table 1; the minimum the Pe 


The theory presented her herein i is applied to the ee pile fe foundation t 
d under the retaining wall shown in Fig. 13. The wall is suppor ted by transverse ff 

rows of piles at 3-ft centers along the wall, five piles per row, the two back ff 


piles vertical and the ones inclined at a batter of 3 on The 


unit walaha of. concrete is 150 Ib per cu ft; w, the unit weight of soil, is 100 Ib 


* per cu ft; and 6, the angle of friction of the soil, is 30°. - a earth pressure at at 
the back is represented by the active pressure 


by A. E. Cummings of “‘Lateral Pile-Loading Tests,” Fenn Transactions, 
ASCE, Vo 102, 1937, p. 255. 


— 

? (kips Type of | ay per | | ips, | 
19,40 
144,00 
244, 
135,00 
72,00 
: 

] 

Cid 

d 
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“At the front it is represented by one half of the passive pressure or 


Sith Deane gene are horizontal and, to avoid complicating the problem by . 


ror SPECIMEN PILES IN VaRIoUS TYPES OF Sorts” 


sip 


Minimum | Minimum | Maximum Minimum Maximum Minimum Maximum 


3) (5) (16) (17) 
0.00821 | 0.1468 | 23.16 102.3 


0.0462 | 0.232 | 2.05 20:57 | 181.9 
0.260 | 0.734 | 6.48 366 


.004! 0.01625 0.745 2.66 
0128 0.0913 | 1.180 843 (217.5 1,555 


Lis 


further uncertainties of soil me- 
chanics, are assumed to have 

erage ‘the same values in all cases of 
nd— -pile-soil combination, -irrespec- 
tants | tive of the displacements 0 of the 
esses foundation and structure. The 
origin 1 of the coordinatesis placed 
at the central pile a and the ex- 
ternal forces acting on the 3-ft 
section of the wall, referred to 

ratios J the origin, are shown in Fig. 13. 

alues” The ‘problem is solved 

o the peatedly using all twelve sets “a 
the pile ratios and considering 
first that all the ratios Ti, Tay 
and 15 are effective (cases 2 to 
18, Table 3). Then the ratio ie 

alone is ‘considered to be effec- 

tive (cases 2a, to 13a). ‘In addi- 

tion, the problem is solved by : 


7 
| 
| 


AAA A 


‘Employment of large and 

closely spaced ‘reinforced con- 

crete piles in a structure of this: 

size may be criticized as incon- 

‘gtuous. ‘Nevertheless, although 
‘piles: would admittedly be large for the conditions 
-analys sis based on the ratios peculiar to them may b be looked ‘upon as the one 
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~ presenting g the picture of mechanical behavior of these piles i in larger and more . 3 
heavily loaded structures. 


the e piles endowed with the to the large reinforced coner te 
- will be considered as having the same moderate allowable load as the 


timber piles. This load in all is taken as = = 40 kips, 


TABLE 3 Loaps ror Watt or Fig. UND: 
| | (kips) | (kips) (ips) (kips) | (in-kip (Kips 
(6) | 5 (10) (11) (12 (13) 
~o | o | —311.1] —40.8 |+0.638 | +23.5 +41, 
23.16] —212.6 | —19.32 | +0.3384| +29.7| +0.45 | —39 +39- 
| —233.0 | —23.84 |+0.413 | +27.5] +0.44| .... 
102.3 | —113.6 | +2.136 |+0.0405|] +35.6 +0.91| +36. 
.... | —129.9 | —1.603 |+0.1176 | +32.9] +1.03| .... +36. 
2 | 20.57] —149.6 | —5.74 |+0.1590 +328 +0.80 | -37 
... | —162.3 | —8.58 |+0.2101| +31.2] 40.84] .... 
181.9 | —42.4 | +17.44 |—0.1525| +38.6 | +1.16| -37 
| —39.0 | +18.05 +37.6 | +1.32| .... 193. 
| 36.6 | —54.8 | +14.75 |—0.1108| +37.6 | +1.25| -29 134. 
| | —54.9 | 414.64 —0.0973 | +36.8 | +1.34| .... 734 
8 | 323.3 | —17.50 | +22.55 |—0.2043| +38.5| +0.13| +30 
| .... | —12.65 | +23.57 | —0.2158| +38.6] +0.12| .... 182. 
244 | —135.5 | —2.448 |+0.0854| +35.7] +0.65] +38.) 
| 173.2 | —10.92 | +0.2417 | +30.7 | +0.78 |... 787. 
| 872 | —78.0 | +10.02 |—0.0805| +38.7} +0.91 | 
| | —_ —0.0162 | +35.4| 41.24] .... 
: Reinforced 217.5 | -87.4 | +7.89 |-0.0407| +37.4| +0.97| -85 
concrete, | —97.8 | 45.39 |+4+0.0254| +34.6] +1.17| .... 735. 
ftlong || }1,555 | —36.58 | +18.57 | —0.1561| +38.0 | +1.04] +24 +33. 
| —23.98 | 421.24 |-0.1852] +38.3] 41.14] .... 
5 | 386 | —34.65 | +19.08 | —0.1720] +38.8] +1.05| 
—28.12 | +20.39 | —0.1737| +38.1] +1.22| .... 733 
Medium 
2,760 | —17.70 | +21.92 |—0.1582] +35.5 | —0.68 | +253 730. 
| — 9.59 | +23.91 | —0.2196| +38.3 | —1.35 
= = 


_ The method of analysis ¢ of the pile loads is illustrated byt the he following 


a 
bi 
2 
>. 
<3 
timber pile i le 3, = 0.00186; r2 = 0.1468 
and r; 5 of piles: Ni = 3; = 108° 
sin 0.31623; and sin 2 0.6. r 
For the = 1; cos d2 = 0; sin2 = 0; 


13 (0.1 


=-0. 89833 3 (— + 0.1468 0.94869 2) 26. 239 
[3 (0.9 + 0.00186 X 0.1) +2 X 1] = —2. 7006 — 2 = 


2x 


ER ‘Various OF Pine Ratio 


Pum No.2 No.3 Pum Not 


(in-kip) | (kips) (in- ‘kip) | (kips) (kips) 


a6) | a as) | @o) | | 


39 +9.1 


39 
.28 
37 


oro 


+4 


++ 1+ 
NO 


++ ++ ++ 


4 


wry wo we 

OO 
oo 


t+ ++ 


tt tt 


++ 


I Nn 


=Y 27000 (— 30) 2 x 00 0.1468 


= C0. 9 + 0.00186 x 0. 1) (- 30)? + (— 60)*) + 367+ 84]—-2 
X 0.1468 X 3 (— 30) (— — 0.31628) — 23.16 (3 +2) = — - 12,527 i in? 


0.30874 A’, - 75 = 
0.89833 A’, — 4. 7006 38.843 113. 1= 
— 26.239 A’, 38. 843 4 A’, — 12 527 a’ - 2,081 : = =O 
= 


).00186 X 0.9) + 2 X 0.00186] = — 0. F 
the 06 
ome 
) (23) i (24) € 
—39 | 449.0 | +0.44 = 9} +043] .... 
o| +374 | +0.80 | 10:85 +91 | 4085] 
6 | +343 | +192 | -40 | +30.0 | +1.29 129} 41:74] .... 1 | +1.74 
M4345 | +1 —30 | +31.3 | +1.31 | —31 ‘1 | +161 .... 
+0 | +17 | +2609) +113) +5 | 4152 | +322) —a7 +3.29| .... 
—— 5 | —118 | +40.6 64 | —117 
35 | 138-1 | +0.65 4.4 0.76 
| +364 | +0.92 | -116 | +34 41.35] 
| 11.24 +1.07 | -94 
x7 | 4363 | +0.98 | -se | + +125] 
o4 | 424 9733.6 | +118 | +12 $2.19 | 
o5| —21 +339 | +1.17 | -27 | +129] +2.02 
3| +487] -34 | + 44.87 | —34 
os | 4309 | +0.09 | +213 1| +490] .... 
wing 
rthe | 
1468 
nt 
— 


re 


= +0 0. 3384 8884 kip per in, in., 19. 32 32 kis, and A’ 


— 19. 32. x 0. 94869 + 0.3384 "60) 0 0.94869 = + 29.72 © a 212.6 
— X 0.94869 + 19.32 (— 0.31623) Toad 0. 3384 (— 60) (- 0.31623) =— 214, 43 kips; 
: and a’ = + 0.3384 kips per in. The loads on this pile are P= 29.72 kips; 
—Q= — 0.00186 (— 214.43) + 0. 1468 X 0.3384 = 0.45 kips; and S = 0. 1468 
x (- 214. 43) - - 23.1 16 x 0 0. 3384 = — 39. 3 in. -kip. - Assuming the allowable 
longitudinal | load on the pile to be 40 kips, the criteria of adequacy of the 
foundation design (Eqs. 23a and 25) show that the value of P is satisfactory, 
but that the value of A’, is excessive. a a a 
a ~All the data pertaining to the foundation movements and the pile loads, 
repeated solutions of the problem by ‘different sets of the 


all the pile loads and by checking them by means of the three equations of 


states, 
Discussion THE SOLUTION RESULTS 
It may be observed | at ‘the outset that the range of relative on at 


— 


piles i in axial and lateral directions, implied in the values of various sets of. pile 
- ratios in Table : 3, is very wide, extending all all the way from zero value of lateral 
~ yesistance in case 1 to a lateral resistance value more than half as great as the 
axial resistance in case 13 (ri = 0.5138). _ Some interesting and unexpected 


results become apparent from Table 3. 


a. The most striking feature is the excessive amount of horizontal dis- 
placement of the foundation, as indicated by the value of A’, «, which quai quantity 
greatly exceeds = 40 kips case of very weak partly weak soils. 
a Therefore, according to the lateral displacement criterion, Eq. 25, the founda- 
tion of ‘Fig. 13 must be deemed inadequate, except in moiion soil. — This 
‘result may appear unexpected to many engineers. 
8 . Increase in the lateral stiffness of piles s always leads to an increase in a the 
lateral pile loads Q, as may well be expected. _ These loads are quite small, 
howev er, usually of the order of 0.5 kip to 1.5 5 kips. per pile, so that their s sum 

- amounts to from only 2.5 kips to 7.5 kips per bent, against the external lateral 
- load of 39.375 kips. Although | the effect of the lateral pile resistances on the 
carrying capacity of the bent i is small, its effect on the lateral rigidity of the 


foundation is tremendous. Thus, when the piles have no lateral resistance 
(case | ‘Table 3) A = 311.1 kips, but when (case 6a) = 0.0294 and 


ro=73=0 (that i is, pr the lateral pile resistance is less than 3% of the axial 
resistance), A'g = — 54.90 kips, or the lateral displacement of the foundation 
decreases six times. Thus, a completely misleading and much more alarming 


picture _ of the lateral foundation displacement i is obtained if the lateral pile 

resistance is ignored, even when it is quite small. 

Although the horizontal displacements of the are always 

a negative (that is, are always directed to the left), the vertical dis placements: 
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AY and the: rotational movements « a vary i in direction, depending or on the pile-soil > 
conditions. The combination of these ‘displacements sometimes results in 


| baffling values of the pile loads. ds. 


wa one would naturally expect that the greatest axial load is carried by 
pile 1. This is so in the medium and weak soils, but in the very weak soil, 
_ especially with the less rigid timber piles, pile 3 becomes the one which is loaded 
most. This condition is particularly pronounced in case of piles completely 
- devoid of lateral resistance (case 1). - Then the axial load on 1 pile 3is P = 59.8 
_kips, whereas on pile 1 it is only 23. 5 kips. < This striking result is accentuated | 
by the negative axial load on the adjacent pile 4 and the positive lo load « of 12.7 
— In spite of this apparent irregularity of the pile loads in different groups the - 
loads in the same group vary linearly. Thus, the loads on pile 2 are the mean _ 


between the load values on piles 1 and 3. 


dd. The ‘greatest axial load when piles : are en ndowed with lateral re | resistances 


35 kips and 39 kips, and ‘it mostly acts on pile i . This me means that, when the 


E medium, weak, and even, in some cases, of very weak ground, varies between _ 


lateral pile resistances are ignored (case 1), the greatest axial pile load is ex- 
aggerated by approximately 60%, and often a wrong pile is indicated as car 7 


ing the maximum load. 
: _ The constancy of the maximum axial load for nearly all pile- soil ¢ com- 
binations i is also ‘surprising. — Apart from cases 1, 2, and 4, involving very w eak 
‘soil and flexible piles, the greatest variation of this load amounts to only 10%. 
In comparing 1 the more exact solutions based | on all three pile ratios with 
the approximate « ones involving the same values of r; and omitting the other 
ratios, the results: on the whole are quite favorable to the approximate method. 
Both with respect to the deformations and to the pile loads, the two correspond- 


ing solutions in most cases are ghonernegn ina definite manner, , which may be pre- 


methods i is quite small. 


the foundation is usually increased by an amount close to 10%, making the 
approximate renee that much on the safe side. In one case of wy weak 


conditions are all comparatively small 

g. The values of the lateral pile loads, in r nearly all cases, are found by the 
rset method to be ‘slightly higher than the ones found by the more 
exact method. In the two cases in which this relation is reversed, the difference 
between the two methods is very small, and may possibly be attributed to - 


errors of computation. The amount by which the lateral pile load found by 


23) 
2.6 
ips; 
rb 
the 
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pile 
j 
s of — 
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eral 
the 
oils. 
nda- 
because of the peculiarities of the combinations of the pile ratios. rese devi- 
1 the © erence in the results by the two a 
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mi 
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nents 


the approximate method exceeds the value found by the exact method: is. 
_ usually close to 10%, although in cases 8, 9, and 10 this excess varies between 
and 30% Except for cases 7 and 13, rigid piles i in medium 


ground, all lateral pile loads are quite small. 


i ok The greatest axial loads are “usually slighty greater when found by the 


approximate method, the difference varying | between 0% and 10%. The re- 
verse is true in five cases, in four « of, which the approximate - method is on the 


unsafe s side by from 2% to 4%, and i in one case (case 9), by 10%. —- 


From these remarks it may be seen that, on the w whole, the approximate 


‘method compares favorably with the exact method within the limits of the 
example considered—that is, for the assumed arrangement of a five-pile bent, 
carrying the specified forces, under virtually all possible conditions of of deforma- 
bility. of soil and piles. Even the extreme and rather rare discrepancy of 10% 
on the unsafe side and of 28% on the safe side should not be considered as 
excessive in a 1 a subject as uncertain as that: of problems. ‘Iti is 8 desir 


arr. sngements and and s some other combinations of of the external forces x, Y ,and M. 


the following 

1. It is reasonably simple and not too laborious. = 
_ 2. It is free from the two common weaknesses of other current methods of 
analysis: F Failure to investigate the horizontal f foundation displacement, which 
is as important as as the vertioal displacement, and failure to make allowance for 
the lateral pile resistance, which leads to an enormous exaggeration | of the 
lateral displacement accompanied sometimes by a drastic rearrangement of 
the pile loads, thus leading to an . entirely ¢ erroneous picture of the mechanical 


behavior of the foundation, 

oe _ The only physical property of piles and soil involved in the method i is. 

4 * ined simply as the ratio of the allowable: 


lateral and axial pile loads, which data must be known to the designer, no 


matter what method of analysis he is 3 prepared to use ee pttiiies ot 


4, The error involved i in disregarding the two “minor pile r ratios, Te and 1%, 
present in the more exact method, appears to be not excessive. 
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10% The principal object of this paper is to present a direct mathematical method 


d as ¢ of finding the elevation of the « exposure station and consequently the tilt a nd : 


wa swing, if desired, of an aerial photograph. ‘Since: three Points in space 


1M. “determine a plane (Fig. the three vertical distances he and ; Ze (Fig. 2) 
‘from a a horizontal plane through the exposure station to the images, a a, b, and c 7 


on the gel of the three ground control points, A, B, , and Cc, , determine 7 


f the _ The problem o of photogrammetric space resection has been. solved i in various © 

nt of ways.?)3 The present paper is added to the list for several reasons. 

‘Demonstrates an adaptation of which is novel and 

. (2) Offers | a more direct procedure than its predecessors, permitting the — 
= exact altitude of the exposure station in an aerial photograph; 1 

ad fs, : (3) Provides a a procedure of adapting photogrammetric work to areas where > 

customary type of geodetic control is impossible or infeasible; 


(4) Yields all data necessary for the 1 rectification of tilted tilted photographs; 7 


(6) Avoids the necessity of observing the swing; ng; 

_ Nore. —Written comments are invited for immediate publication; to insure publication the las last dis- 

cussion should be submitted by July 1, 1949. 

Research Fellow, Army Map Service, Dept. of the Army, Washiagien, 
2*Analytical Computations in Aerial by Earl Church, Engineering, 

October, November, December, 1941, p. 212. 


_ §**Manual of Photogrammetry,” Am. ius: of Photogrammetry, Pitman Pub. Corp., New York, N.Y. 
4“"Revised Geometry of the Aerial Photograph,”’ by Earl Church, Bulletin No. 16 ina on aerial 
photogrammetry, Syracuse Univ., Syracuse, N. Y., June, 1945. aan 
Applied Photogrammetry,” by Ralph O. Anderson, Bros., Inc. .. Ann Arbor, “Mich., 


“Space Resection Problems in by P. Underwood, Transactions, ASCE, Vol 
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6) 6) Involves only : simple computations and produces excey exceptionally ac accurate 


_ results;and 


(1) Isa basic theory in the writer's plan to project his investigations of 
aerial photogrammetry into geodetic 


Section 1. DERIVATION OF FUNDAMENTAL ForMULAS: 


In -" 3, L indicates the position of the emergent nodal point of the lens 


of the aerial camera, and the the length of Lo is is equal t to f, the focal length of ‘the 


Fie. 1.—P Fia. 2.—VeErTICAL RELATIONS: 
camera a as ‘Point L is referred to as the exposure station, and is used as the - 4 
origin for the coordinate system. The coordinate axes, x and y, are the lines 


through | . parallel to the geometric axes of the “photograph, and the z- axis 


coincides with the lens axi axis. _ 


Fie. 4.—Space RELATIONS AND THE Piums- 


If — plane coordinates of the images a, , b, and ec, measured on the photo- | 
graph, Ale Yoo pd; and 1d the space coor coordinates of the three images 


— 
anc 
Sin 


a If these If these rays are e regarded as vectors - 
Ta = Pay vpa 


the 
i Te =p, + 


in which ¢, j, and are unit vectors referred to the axes in 
Th apne the: fundamental principles « of v vector r analysis sealar products, 


Lb b- De = Lpb + 


| in 1 which the angles 6 are ‘the face angles of the plate pyramid Labe. 7 ‘Therefore, 


Now if the lengths and ea, Fig. 1, are designated by Ibe, all 


Then, if angle cab (Fig. 1) = 7, angle abe = 7s, and 1 angle bea = Te vector 
operations identical to those leading to Eqs. 4 give a 


on 
— 

a) 

Pa Pp COS Bay....... (3a) 

‘ Pb Pe COS Boe. (3b) 
Le. La = pe.pa = Lpe Lpa + + J? = Pe Pa COB Bea.  . 

ines 
aw 
— 

| 

: 

| 

j 


cos Coa = COs pe T Yoo Lad 


and 


cos Lab = cos Ag = 
Palo 


ob \Xpa Lp 
cos = cos s Ava (x pb) + Ypb 


—— (Yre — 


Sine = Ene) Y pe (Yee = Ype) (Be ) 


Pc bea 


Soe (Spe + Ypa (pe = 


a 


In n Eqs. 6 and 7 1d 7, Ta, To, and 7 represent t the absolute e lengths of 0a, 0 ob, and o 0¢, 


See 


ECTION 2.— DETERMI N HE THS THE EDGES 


The rays from the exposure station L to » the e ground points A, B, and Ca 
designated pA, PB, and | Po; and the inclined, o or natural ground, distances AB, 


and CA, Las, Lec, Lea, Then, by the law of cosines, 


L, - 2 pa 1 pp (9a) 


values ues (pa), (oa and (pc) are substituted for (PA, PBy 


which AB, L'gc, and L’ca are horizontal distances of AB, BC, and CA, 


— 


Lbe = cos A 
Leb = cos A and 
cos Lea = cos 
= an 
i 
va 
— — 2 pp pc COB 
th 
‘aa 
(ps 


ime 1 1949 SPACE RESECTION 


respectively, then 


4] + cos Bas. 


+ Apa] COS | 


2 (pp) (oc) cos cos 
— (pc)? (pa)? — 2 (pe) (ps A) COS Bea = Wea 
Omitting the second pow er terms in Eqs. 12, 
2(p4) Apa + 2 (pp) App — 2 (pa) App cos Ba — 2 (pp) Apa cos Bas = (18a) 
Apa + 2 (pc) Apc — 2 (px) Apc cos Bre — 2 App C08 Bre = Wac. (136) 


2 (pc) 4 Apc + 2 (pa) Apa — 2 2 (pc) thine cos Bea — 2 (pa) Apc cos Boo = | = wea. (130) 
A alttin of these three linear equations (Eqs. 13) yields ine. App, and Apc. 
Then the second approximate values of pa, ps, and pc will be (pa) i? Apa, 
(pp) ry App, and (pc) + respectively. Repeated substitutions of these 


values in Eas. 13 give accurate values of pp, and 


3.—DETERMINATION OF THE Exrosvss ALTITUDE 


_ ‘Fig. 3 shows a plane passed through L perpendicular t to any side, say, AC, 
‘of the ground triangle ABC, cutting AC at the point R, cutting the side BC 
at point Q, and cutting the side AB at point P. 7 ‘This plane is also perpendicu- 
lar to the plane ABC C containing the three ground control points. By the law 

_of sines, 
ma’ sin A’ap _ sin Ba 


4 sin A’ sin A’pa _ sin sin Bab 


 — 
(7c) 
(8a) = [(pz) + Apa}? +f (pe ) 
(3) oB|[(ec) + Apc] cos Bre. . (116) 
pc) + Apc}? + [(pa) + Ap 
(8c) Let 2[E(oc) + Ape] E(pa) 

AB a)? + ( B)? 3 ( »4) ) cos 
— 
7 
(Se) 
4 
nes, 
nes, 
9a) 
— 
(9c) 
| 
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7 
sin A’ sin A’ac _ sin sin Bea (14) AR 
|... 
in which the symbol A’ refers to the face a angles ai at the base of 1 the ground pyra- “no 
L-ABC (Fig. 3). Eqs. 14 can each be transposed to ex express a of 
be 


shown in Section 1 since the ground distances Las, 

are already ‘known from the ground surveying, and PA, PB, and pc have been F 

found by the formulas in the preceding paragraph, , the angles A’aB, , 
ean be computed. Also the angles CAB = 74, ABC = = rz, and BCA = rc inf in 

_ the plane of the triangle ABC can be computed | by the three inclined ground - 
distances Lap, or by the following formulas, if the coordinates 

of the three ground points are known: a * 


(Ha - - Hp) (Ha - 


—— a — He) 54) 
(Xe Xp) (Xa Xs) + 


n which X is the r- -ordinate | of a ground point; Yi is the ynitiode of a ground 


- per nt; and H is the elevation of a ground point. By reference to Fig. § 3, a 


/ 


ll 
> 
Q 


pr = LR = pa a (166 6b) 


With pr, pp, and the length PR all determined, the area A>», of the triangle 
L 


bese (ig. 8) can be computed from the three sides. The usual formula in 
ane 


Tet a line LG 3) be drawn fr from perpendicular to PR, and let i its | 
length b be designated Then » Apr = xP PR; or 


> 
| 
| 
| 
| 
= 
3 
= 
1 
ig 
— 
= LP? = 92, + AP? — 9 APcosA’an Ge) 
Ghee 


| 
| 


February, 1949 SPACE RESECTIO 215° 


| which is the perpendicular distance from the exposure station L to the plane i : 
“aay ABC containing the three ground control points. (Iti is not the elevation of 7 
ie | - the exposure station since the plane ABC is not at sea level, and since LG is - 


alue of x _ In addition to the use of Ea. 18, a also can be obtained as f follows: vs: Le Let V 
ted as 


cos Bos 
te inf in w vhich 
cos’ 


linates ; 6 = 1 — cos? Bas — cos? Boe — 


+ 2000 cos Bas cos Bre cos Bea. 


ca 


= po Las Lac si 


(15a) 
pp pc 


Tap Lac sin Lec sin TB 


, 


= 


pa = By Re pc 


Rs R3 pa Tc. 


—all of which can be 


ae 4 "The elevation of point F P (Fig. 3 can be found d by extrapolation b between 
17+) and Hp, the given elevations of points: A and B, since both AB (= Las) 
‘and AP are now known. © The elevation of point R can be found by extrapola- 
let its tion between the given elevations of points A and C, since both AC (= Lea) 
f and AR a are now known. These calculated « elevations of points PandR are 


called Hp and Hp, respectively. _ Finally the elevation of the point G (Fig.3) 


1*Anplications of the Absolute Differential by A. J. McConnell, Blackie and Son, ‘Ltd. 


— 
(196). 
B = Pe Lac sin Tc. . (20) 
_papppc (21) 
(16c) BG = p’z . . (236) 
&g 
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can be found by interpolation between Hp and H; R, since the distances PG and 


RG are now both known. 


The area. of the triangle A ABC in the inclined plane’ of ‘the control 


ich Las, Lac, ant and nian the inclined distances, and in which 


Also the area A’ of the ei deine: of the triangle a 


in which L’gc, and Lea are the distances, and where 


( 
Then, if T represents the angle of inclination of the Plane ABC ABC toa toa a a 


zontal | plane, 


‘This value of 
ground control points are known as po XoYoHo, 


‘respectively, the of plane which through ground 


7 can be written in vie’ form: 
Z = f(X,Y)....... 


a. since, then, by y differential geometry, 


0) 
4. OF ‘THE ‘Tur 


In this section a “space coordinate system is ton. the origin at the 


sure station L, a plumb line through | L is designated ‘as the Z-axis; 
hor izontal 1 line thr through L parallel to the tilt axis: of the photograph, as th the X- 
‘ axis; 3; and a horizontal line through L perpendicular to this line, as the Y-axis— ‘a 


the last line ens situated i in the principal plane of the photograph (see Fig. 4). 


— 
— 
a 
Pay 
H 
— 
im 
gr 
— 
‘fo 
y 
Xs Ya Ha 
Xe Ya He 
| 
yi 
~The altitude (Z) of the ex r 


‘Since the value of Z (the elevation of the ‘exposure station) and values of 
2 Pay Poy Prey PA; PB, and | pc _ have already been ec computed, and since the altitudes 7 
u¢ Ha, , Hs, and He of the t — ground ent are om, the following relations— 


ean be used to compute -_* and 2, Which are the z- coordinates of thei images 
Db, and on the tilted photograph, referred to the coordinate. system 


by Fig. 4, 

lengths. he: and of the sides ab, be, ca, respectively, of ‘the 

image triangle a are known from the i image snendinaion measured on the photo- 

graph. _ The area a of this image triangle in the plane of the pe -“ 

be found from 


: 


The horizontal the sides ab, be, and ca (I’as, l’ea) can be 


we 


found from 
— 


= 


= (Va + Ute + Wea) 
‘Then the tilt of the shots | is given by 


SEcTION 5. DererMination OF Space OF THE GROUND 


Points AND oF THEIR PHOTOGRAPHIC | Imaces, REFERRED» 


THE PLUMB-Line CoorDINATE — 
‘Since. the exposure station Li is taken 0 as ‘the origin, its coordinates on the 


and the ground points A, B, ‘and c will have coordinates Xa¥a, (Z — Ha); 


- — and — — He), respectively—Ha, Hp, ond He being 
_ the elevations of these points. The horizontal coordinates are to be deter- 


is 
pers February, 1949 SPACE RESECTION 
trol 
25a) 
(26) 
hree | 
und | 
“iad 
a Then the area a’ of the horizontal projection of the image triangle in space is . ic 
(8) by 
| 
8; 
X- 
is— 
| 


“mined. . Bya geometry, 
| 
pc = Yo + @- 
= = (Xp xX Xa)? + (Ye Ya)? + 7a) 
Bo = (Xe - + + (Ye — Ys)? + (He — Hc)*. i (37 


— scalar products o of pairs rs of are as 


ps = Pa pB COS Bas = = Yo (Z — Ha) 


+ Hs) ( 


pa = Pc PA cos Bea 


which, solved for the face angles B, yield 
Ye+(Z — Ha) (Z- 
cos Bas 
Keke & Ve a) (4 — 
cos Bre = ——— 


Since Zi is known, Eqs. 36 and 4 40 suffice for - the d determination of the six 
coordinates Xa, Yu, Xp, Ys, Xe, and Ye. 


a Since ¢ t and za, 2, and z, are known in Section 4, the following equations 


will give yo,yorye and 
= tant 


— 


tant 

» 


and 
— 
a 
imag 
— 
| Also, when pa, pg, and pc are regarded as vectors, 7 
pa, Xat+Yaj+(Z— Ha)k............... (88a) 
= 
in 
= (Z— He) (Z — Ha)...(39) 
— (40a) 
ia 
b 
f 
: 
—— 
(Ale 
— 


perry, 


= 


The signs ot ay and are selected according to the 
images of a, b, and c, ., with respect to the intersection lines of the XZ- -plane and 7 
the YZ- whee with the plane of the photograph. These intersection lines can > 
bedrawnasfollows: 
By the lengths of L lo, , and ls, 1 the axis of tilt Gntersection line « the XZ- 


plane) can be determined, thus: 


= VP FP = 
A line dr drawn through | fe) and perpendicular to the axis sof ‘tilt i is the inter- 
section line of YZ- plane and its direction is taken from o to v as positive. : The 
direction of the axis of tilt is taken according to the e right-ha hand rule from the 
raxistothe 


‘Since LasYas2a; and 2.,Ye,2- and their signs are known, then 


36 and 39. or 40, the latter equations te satisfied. 


because. of the i inaccuracy y of cos t and the inaccuracy of computing large values 
from small values, the residuals from the substitutions are unavoidable. The 


“accurate values of x A; X's, Y's; and will be obtained, as follows: 


—(Z — Ha)? = (k 
BPA 


Hp)? = 
~ - Ho)? = (ks) 
— Ha) (Z — = (ky). 
08 Boe — Hs) (Z—H = 
Gy 


ry — 
36a) 
(36b) 
37a) 
37)) 
39a) 
9) 
0c) 
La) 
la) 
ic) 


= Pc Pa COS Baw 


(X’a + AX)? + AY: 
(hes) = (X'o + AXo)* + (Y'c- + (470) 


ka) = ) + AXz) + (Y'a + AY a) (Y's + . (47d) 


+ (X'c + AXc) + + + AY)... (47¢) 


| 
(he) = (X'e o+ AXc) + + (Y'o + + A¥c) + AY4)...(47f) 
the power terms of AX and AY be omitted and 
(ky) CR + + (Y')?] = 


(ke) (Xe 
Then E Eqs. AT become 


(Is) Xe 2 Y'e 
)= X',AXp +. + AXa + Y's + Y's 


= AXe + X'c + AYo + AYs 
Qe) = X’ AX + X4 AXe + AYa +. 
g solution of Eqs. 49 gives AX4, AYa, AXz, AYs, AXc,and AYc¢. Then n the 
second a approximate values. of X4, Ya, Xz, Yz, Xc, and Yc will be X's + 
r+ AYa, In + » + AYz, X’c + AXe, and + respec- 
tively. Usually the ‘second approximate values are accurate enough; if not, 


the same procedure can be repeated until the designer is satisfied. —— _ 
After Xu, Ya, Xs, Yo, and have been found, the accurate co- 


Xe Ye Hp 


— — 

~ (Z — He) (Z — Ha) = 

Fre 

an 
— 
‘Fr 
(ks) = (A q 

an 
— 

an 

— 
7 
— 

i 

— 

| 
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any we al Eqs. 51, 


Fie. 5. —GRAPHICAL DETERMINATION OF THE AXIS OF Tur 


‘Theoretically the three values of tan ¢ in Eq. (53 should be be identical. Ac- 7 
tually, exact checks are seldom obtained , especially Ww hen the ti tilts ore 
zero, because the differences between pa pairs of z-values are so small that the 
: tangents be become very sensitive ‘to small errors therein. iH However, the average — 
the three values ¢ of tilt will be very 


= ytant + fsect......m (51b) 
“G7 and 
Ze — Za = (Ye — Yo) 
= 
wing 


"SPACE RESECTION: 
‘Since ¢ is sknown— 


= —sives | the distance from the principal point to nadir point on the pi principal 
line (see Fig. +5). a . Nows suppose the vectors of the 1 rays from the exposure sta 


» 4 tion to the three image points and the principal point are as follows: lf 


Taki 


= & 


in which Ve and z represent the unknoy wn coordinates of the principal point 
ferred to the current line coordinate system. Taking: scalar products, 


"TABLE ‘te —NUMERICAL EXAMPLE; PHyYsIcaL ‘Dama Fol > Dr 
xX 


, “| 81.92 —43.59 | + 5,000 | +10,000 | 1,800 | + 81.92 | +118.41 | 143.985 
i, A 0.00 | +74.82 | +15,000 | +25,000| 1,000 | + 39.22 | —155.89 | 160.748 
_+39.22 | —81.07 | +20,000 | + 5,000 | + 37.48 | 126.806 
z “i ~@In Col. 1, a2, cs, and di are the original symbols for the three particular images, made by Earl Church soe. M 
Eqs. 56 are solved for 2, y, and 2, 
it is desirable to utilize the axes to locate the nadir point, 
- following procedure can be adopted. — Let the coordinates of the nadir point - 
e the unknown quantities zp», and yp, and let the known quantity Zpv =f, 1 


— 
b 
— 
— 
La = fa, 
OF 
— 
— 
| 
| 
a 
9 
iii 
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- 7 be referred to the photographic coordinate system; thus (compare Eqs. 55), 


t 


Taking scalar on mpare 56). 


55d) ond 

and 


po. = Py COS Vp = Y pb (5 


el in _ Vi - the angle between p p and the Z- “axis. 
> 
56a) 
56b) | 
56c) 
DETERMINATION or EvEvation Z AND ANGLE or TILT 
audi 
176.38) 2.000 | +15,000 325,000,000 | = 18,027.756| 325,640,000 | = 18,045.489] ara 
5000 | —20,000 | —100 | 425,000,000 | L’ac = 20,615.528| 425,010,000 | = 20,615.71] 
| MES 5,000 | + 5,000 | +900 | 250,000,000 | L’ca = 15,811.388 250,810,000 | L’ca = 15,836.982 dic. 


arl ASCE. In this paper, these three points are as a, b, and ¢, respectively. 


om Eqs. 59 one can solve directly Poy Som and yp Yoo ‘By the e values of 
and y You, the distance Ov (Fig. 5), the tangent of the ‘angle of 


ON umerical Example.—To demonstrate the — recommended herein it 
is proposed to test it against a standard problem that has been solved elsewhere.* 


ES focal distance fis is given as 150 mm and the ordinates and other physical 


data are presented in Table 1. With these data, Eqs. 3 can be solved and the 


__ §**Manual of Photogrammetry,’ ” Am. Soc. of Photogrammetry, Pitman Pub. Corp., New York, N.Y 


wwers p23 
(59a) = 
7 
9b) 
and a 
int, 
vint 
7 
— 


pert’ 
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Be entered in Table 2 as shown; nd Eqs. 4 then: yield the values of cos 
in n line 1 1, Table 3 3. 


As a first approximation, on, Eqs. 10 are solved to. yield p'a = 22,084: 
ion 21,497; and p’c = 21,816. ‘Substituting these approximate values of p 


Distance 


463, 627, 024 


468,549,316 


497,513, 025 


These values, with the : aid of Table 3, then permit the solution of on of Eqs. 14, as ( 


follows: ( 


+0.318 054 


TABLE 2.— OF ANGLEs 8B, Fie. 


Eq. | First quantity + Second quantity + cosB 


000 
4 =8,212.902 7 +3,533.841_ +22,500. +22,820.939 


TABLE 3.—NaTURAL AND Cosines oF Face ANGLES 


For SOLUTION oF Eqs. 4 


Cos 0.650 6956 =—0.560 3731 739 5039 
cost 0.423 4048 0.314 0180 | 05 46 8690 
sin? 0.576 5952 | (0.685 9820 0.453 1310 
sin 0759 330 240° 0673 150° 
TABLE 4, 4 (OF Eas 15 
Line | (Xp—Xa) X:(Xe—Xa) + (YB—Ya) X (Yo—Ya) + (Ha—Hp) X (Ha—Heo) = X 
| 15000 | 20000 | 2500 | 5000 | 


41 | 15,000 | 20,000 | 25,000 1,800 
| 5,000 5,000 10,000 ia 
3 | +10,000 | +15,000 | +15,000 | —5,000 | 


=e 


© (see Fig. 3 ‘PP = PA sin = 19,613; ; and AR = pa COs A’sB 
= 8, 896. A tabular solution of Kq. 15a is demonstrated by Table 4 which 


“reveals that cos ta = + 0.264 95296, and therefore tan ta = 3.639 


Again, from. ‘Fig. “3, PR PR = - AR tan TA 32,376; and AP a AR see 7, TA 


in 
8 
(pp 
a 
| 
ox 
cal 
= 
— 
| 
| = 
= 
— 


= 38, 576. Similar to Eq. = pt + AR? — 2 pa AR cos A’ 
that is, pr = 1, 1,131,095, 158 and pr = 33, 632. Similar to Eq. 17), 2 = 
i (er hei PR ee PR) = 42, 810. For substitution i in Eq. 17a, > > — pp = 23,197 
= 9,178; and 2 — PR = 10,434. With this value of A, 18 


= 19, 050. ~ Other quantities needed i in the soluti solution are Oo 
Ha-—He_ 900 _,.,, 
155887 = 0.056 8289 
Ha He _ 800 
= 0.044 3324 


x 576 = = 1 


,800 = — 108 
— 398 = =+ 1,406 


Hp = 514 
= Hp 0.046 763 


* 
He=() +) x X (g) = 1,188 
gh the three control points 
a 


re 800 0 0 10, ,000 15,000, 


20,000 | 5,000 100 o| | 5,000 —20,000 0| 


= + 0.063 6363636; : = =+ 0.010 9090909; 
a 0. 004 0495868. 


Symbol Side ab 1 ‘Side bo Side ca 


Z-Ha= 18,398 = 19,198 Z Z — He =19, 298 
ge = 180.713 | 148.668 = 161.372 


(za — = 4.1698 —2)?= 7.3116 | (z — 2a)? = 4382 


= 20,731.6802 | = 25,839.9195 | = 16,079. 
Cay? = = 20, 727.5104 we = 25, 832.6079 (Uca)? = 16,079. 3234 

= 143. 9705 (Vea = 126. 


| 
7 Therefore, cos T= 0. 997 9222; and pa co 
| Z=19 010 + 1,188 = 
of the Tilt and the Intersection Stone the ZX- Plane and the 
ZY-Plane with the data compiled in in ‘Table 5, values in 


J 

2,084; 

as 

(e) 

96 (j) — 

33 

— ec 

yg 

| 

hich 


«SPACE RESECTION 

qs. 34 (and corresponding of. are dete = 8 

Symbol (symbols primed) Inclined plane from 
160.748 nina 

126.806 (see 
143.985 | up fc 
431.539 

215.7695 

71.785 
88.946 88.965 fr 


Ya=+5,040 =—9,999 #100 the } 


176.383 X5,040 441, 29) | 6 167.625X(—9,999) 9,999) 174. 174.959 X 10,032 


Ya= 


“22,305 

4 
0017 19976 0.017 31779 0.017 69251 (poi 

TABLE 7 7.—SoLvuTion or Eas. 59 . AND TO DETERMINE THE 


p (ground 
pyramid) 


Eq. cost = a’/ a’/a = 999 8335; ; and t= ‘Since 2, 


- = 150.02498 and Ov = sf tan t= 150° X 0. 0181 = 2.715 mm. 1m. «Bye geometry. 


pyramid) 


| 


150.7109 


a 
7 167.625 0.886 9075 | 


0.865 1872 | 151.373 


19,298 


Ze — te. 0.609 


Eqs. 61 each contain the “ingredients” for determining the the values of J, in 


ae respectively, as follows (see ee Fig. . 5): Ly = bg = 95.545; le = ch 


} 
. 
‘= 
Ay. 
= 
LA 
— 
— 
— | 
“ref 
Tel 
= 
x 
d 
— 
d 
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| 

= 80.077; and 1; = 259. 192. ‘Values of f tan t, computed | by Eq. 53, are given 

| in the last line of Table 6. The : average ize of the three values is 0. 017 40302, : 

from which a value of t = 0° 59. 8’ is computed. | Computations for the deter- _ 
> 

| mination of the nadir point with ; respect to the | photograph coordinate system 


(see Fig. 5) are listed in Table 7. From these data, two equations can be set 


up for simultaneous s solution (by Eqs. 59): 

| = 0.5436 ty, — 0.79250 yp» — 2.0510 = 0.. (62a) 

— 0.25910 zp, + 1.03884 yp» + 2. 2.7039 = (626) 


vyields, tan t = 2.600/150 = 0. 0173333; and ™ = 0° 59. 6’. Likewise, tans - 


“= — 0.006 15385; and s = 179° 39.0’. Rican al 
= 


_ SEcTION 6. Arr Base AND 
zed by 


from which x», = + 0.016 and yp», = — 2.600. Since Ov = 2.6000, Eq. 54 a 


Of two aerial photographs, taken successively, , the first can be an sai 


: : the procedure demonstrated in Section 5. The second photograph, | containing 
. § adifferent exposure station (point 2, Fig. 6), can also be analyzed by that pro- 


cedure if it contains images of three control points that appear in the first 
photograph. In other words, the ‘elevation of the second exposure veya 
(point | Le, Fig. 6) can be determined, as well as the —_- coordinates (X XA, 
INT WITH RESPECT TO THE PHOTOGRAPH a 


NuMmeErIcAL CogkFFICIENTS IN Eqs. 59 Point 


15071 _ | = 28923, +149. 140.2080 
ad | 
0.25010 
sect, Y's, X's, (Y's, Cy of the an points (A, B, and Cc, Fig 6) 
netry referred to the second plumb-line coordinate system. 


all ba _ Air Base.—In Fig. 6(a), the i images 0 of points A, B, and C are visible i in two 

(61a) ‘photographs taken in sequence. —Itis possible to compute the space ordinates 
on (X.and Y,) of the second exposure station, with respect to the first plumb-line 
- coordinate system, by utilizing the scalar products of the s second set of of vectors 


(61b) ‘a, By and p’c). Thus (compare Eqs. 38): 
: (Xa = = + (Zs k........(63a) 


— 
| 
| 
| 
——— 
iE Nag 
og V 
7 
1, in and 


+ (Ya — Ys) (Ys — ¥2) + (Z2 — Ha) 
p'c C08 Bite = (Xp (Xe -. — 
(Ys We. — Y2) + (Z. — He) (22 Ho). . (645) 


p's B'a = (Xo —X2)(Xa—- ai | 


(Xa — Xe) (Xe X2) + — Y:) (Ye — Y2). 


(65a) 


p'c 008 — — Hs) (Z — He 
= (Xz (Xe — Xs) + (Va Ys) (Yo (68) 


Ya 


tx 
in which i is the volume of. the second ground pyramid; - and Ha, 
ff c : are the elevations of the ground points A, B, and C, respectively. “Eq. 66 
is equation with two unknowns of Xe and Y2. Since Xa, Yay! 
Ys, Hs, Xe, Ye, He, p’A, cos aby COS and cos B'ca now 
— are known quantities, any one of Eqs. 65 and Eq. 66 can be solved theoretically ‘ 
for X.2 and Y2. In the solution of these second degree e se signs 
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of and Ys 0 can be determined i in with the position of the i f the image 

of the second exposure station on the first ee Then Ly Ls Le=B: 
+ Z2) k k; and 1 “air base” will be 


of {Bare = R 

Intersection.—If there is any new point (D, Fig. 6) common t to the 
two photographs, the coordinates of its image on the first photograph with 
respect, tc to the first plumb-l line coordinate system will be designated AS La,Ya,2a; 
‘and those of its s image on on the . second { photograph with respect to the | second 
plumb-line coordinate system, by ~The coordinates Ta,Ya,Za; Td, 
and Teese O of the i images of the three ground control points A, B, and C in the 
first Photograph, with respect to the first plumb- line ecordinnte system, are 
known. Likewise, ot ela x by Y in the 


‘Pa Pa COS Aa a + Ya ya 


4 Pb Pa COS = = 2p Za 


and, for the second se 


p’a C08 = 
Pd 
p'e p's COS = t yate’ 


In Eqs. 68 : and 69, ay ro, -— da are the apex angles betw een pa and pa, po, wil Prey 
respectively ; and A’e, the apex angles between , and p’a, p’s, and p 
respectively. 7 Solving for tg Yd; and za in Eqs. 68 yields the coordinates of the - 
image of point D in the first photograph and solving for 2x’a, y’a, and 2’ from 
Eqs. 69 yields the coordinates of the i image of of point D in the second photo- 


graph. Again, taking scalar products of the rays from the first exposure 
tion L, to the ground points, 

Pp COS = X aAXpD Te + (A Ha) (Zi Hp).. (70a) 

Pp cos = XB Xp Ys Yo+ (Z, — — H; B) (Zi — Hp).. 

pp cos Xe = Xe Xv + Yo Yo + (Zi — He) (Zs — Hp)... .(70c) 


and, from the second maemo station to the ground om, E 


p+ Y's Y'p + + Ha) (Zs 


( )4a) 
= 
— 
a 
| 
Bare known. ‘Takin 
Ss of the vector p for the first set, 
| 
Bas 
| le (680), 
(65 and 
J 
(EER) 
- (650) 
> 
. (65c) 
ar 
and 
4, Hay 
now 
i - Hp)..(71a) 
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cos = + Yo + (Za He) (Za Hy). (710) 

By plane trigonometry, from the first set of the e relations, as shown in : 
‘Fig. 


anc 
and, from the s second det, of 

«BD = (p's) + (p’p)? — 2 p's p'p cos tek 
= + + ( 2 p’c p (73c) : 
After eliminating AD, BD, from. Eqs. 72 an and 73, anc 


, ill 


p'c p'p COs 


p's —p + 2p. pp (pp cos OS Na) 

(p ‘a — (p's)? 


+ (p'c cos — p'a cos . (758) 


= As — pa COSNa = 

‘B cos — p’a cos 7b) 

ee cos A, — pa (77¢) 


The solution of Eqs. 78 sehts the values of of p Dé and | p’ "Ds , after which | h the ele elevation 


— 
| 
: 
= 
i 
= 
| 
‘Elimiz . (74¢) Ww 
cos A’, — p’a cos N's). .(75q) th, 
— 
wi 
d 
th 
sh 
— x 


b) 
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= 


of points - D, Hp. will 


Substituting the vs values ¢ of Pp; p’ and Hp from Eqs. 79 back into Eqs. 


and 71, the solution of an any two of Eqs. 70 gives res the coordinates of point D — 
respect to the first plumb- line coordinate system; and the solution of any two a 


of Eqs. . 71 gives the coordinates of point D with respect to the second plumb- 
line coordinate system. | The determination of the same point | with respect to 
two different coordinate » systems is equivalent to toa determination of the angular — 


‘relationship between the two systems, since their « origins are » known, one being 
referred to the other. | aad the standard formulas of translation and rotation - 


ofaxes, 
= Lo + COSA — Yo (80a) 


in which LosYo a re the coordinates of the origin of the second system on the first. 
system; and are the coordinates of a specific, point under ‘considera 
tion with reference to the two sy: stems, respectively; and @ is the angle be- 
tween the corresponding axes of the two systems. ‘Since and 
are known, the 1 values of cos @ ‘and sin can be obtained from Eqs. ‘in which 
L1,Y13 and 2 a are equivalent to. Xp,Yp; and X'p,Y , Tespec- 
| The pra procedures ¢ explained i in this section can be e applied to any tun yilate 
‘that have common images on the two successive photographs. ne _ 
Again, if there i is a new point nt D, common to the two successive photographs, 
this new point has its image coordinates in the first photograph, La; Yay2a, 
with respect to the first plumb-line coordinate system, the direction cosines of | 


‘the line LiD, from the first exposure station to the ground point D, will then be 


in inw rhich 


hich 
All the coordinates of the ground points A, B, and C and the second exposure 
station with respect to the first photograph plumb-line coordinate system are 


X4,Ya,(Z, — Ha); — He); Xe,¥o,(Z — 


(730 
74) 
. (74¢) 
(75a) 
7 
(750) 
(76a) 
= 
(7: 
(780) 
vation 
| 


— 


—give the coordinates of i images. bY, ce’ in photograph with 
respect. to a plumb-lin« line “coordinate ‘system which the “second 
- | ‘station i is taken as the or origin. In Eqs. 83, 22 it is s not the elevation “ the second 


equal to Zi in the sense of the absolute flight heights. The three 
 tangular axes are . parallel to the axes of the first plumb- line coordinate —e 


Thus, the vectors of p’a, p’s, p’e, and , and p’¢ a will be as. follows: 


Pe 


Taking scalar products of the vectors in Eqs. 


84, 


p'a COS = wat y's Y'a + 


cos A’, = 2’. t 


in which | and th the corresponding apex angles with ‘respect to the 


second are known quantities. ~The coordinates of i image din 
the second photograph are computed by these three equations for ta y'ay 
and 2’4. _ Accordingly, the following equations give the direction cosines of 


line | L2D, Fig. 6, a line drawn from the second e3 exposure station to the ground 


(85a) 


__¥p 
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cos 
s 


Eqs. 87 give t the coordinates of point D, with respect to ‘the fi first plumb-line— 
coordinate system. - Since all the coordinates discussed are on the same co-— 
ordinate system and are then known, it is a simple matter to calculate the 


_ position of one point with respect to the other. — 


in Section 5 i is correct. For example, 


‘If only the altitude of the exposure station a and the tilt of photograph are — 
be found, the following simplified procedure is s recommended: 


and then find 


Severs al methods of solving the problem outlined in this" 
"paper have appeared i in the 1 technical literature, some of which have already 
been cited herein; as, for example, the 
“direction cosine solution” devised by Pr Church. Solutions have also 
_ been offered by R. O. _ Anderson, 5 Assoc. M. ASCE, and P. H. Underwood, 6 
ASCE. ‘The Ww writer is ‘particularly indebted to Professor Church for his 
nae and instruction w hile this paper was | in the course of preparation, 


cos 


7 Conciuston 


«Tilt 


59.8’ 
< 0° 59.6’ 
02.5") 


cos cos and Cos | 


(3) By the successive e approximation method find PA, pp, and pc} Po; 


pa, PB, ‘pe; 
the exposure station; 


6b 


° 59.7" 


‘space- geometry “method”? and the 


The comparison of the results obtained in this paper — the results « ob- 
tained | by Earl Church, Assoc .M. ASCE, from his 


space-geometry method® > 
lends confidence toa conviction that the ‘procedure adopted in this ‘paper as 


Swing 
180° 29. 
79° 39.0’ 


teenage the i image coordinates with h respect t to. the p din axes 5 
the coordinates of the images es find pb; and , Pe, and 


and cos Tg (or cos or cos Ta) | calculate the 


. (5) Usin g the altitude of the exposure station compute cos Va, cos Vs, al. 


and Yp» from m Eqs. 60; and 
6) ‘Compute Ov + from whic hich tan t is computed by E 54, 


83a) 
— 
= 
with 
cond 
(84d) 
(S4c)_ 
84d) 
5 
eS of 
and 
860) 
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BASIL SOUROCHNIKOFF! 


has been on str 3 i eneral ond also on stresses in 


semi-rigid framework . Some Poaceae nt remains, however, on how to com- 
bine the stresses due to ‘gravity loads with those due to wind in the connections 
of se semi- framework, par when the connections a1 are ro stressed 


InrRopUCTION 
Connections o: of windbracing beams in steel framework are often encountered 


in practice, | as such beams are used when X- bracing cannot be used because of 

clearances, when the stiffening effect of wv walls or partitions is considered to be 
-insuficient, and when, at the same time, e, the horizontal forces are of sutichent 
magnitude to warrant taking special provisions to resist their action. here 
wind connections are used in the bents of simple framework the girders are- 
usually ¢ connected to the columns by top ‘and bottom angles or tees so as to - 
resist within certain limits the change of angle between the girders and the 
columns. © Therefore, the connections are of the semi-rigid type and the e study © 
of stresses in them necessitates an analysis of semi-r igid framework. paling 

— ‘Study of the stresses in semi- rigid framework has been receiving at attention 

or many years, and many methods of analysis, both exact and approximate, 
in been developed. — However, there are few data on the manner of combin- 
ing wind stresses with gravity stresses, and tl there i is considerable oe 


among g designers a on mn this point. 


In ‘its 1946 code? the American Institute of Steel Construction ie 


recommends that wind connections be adequate to resist moments induced by 


_ Norgs.—Written comments are invited for immediate publication; the last discussion should be sub-— 
mitted by July1,19499 
1 Structural Designer, Eng. Dept., E. L du Pont de Nemours & Co., , Wilmington, Del Dl. a 
2 “Code of Standard Practice for Stee Steel and I. S. C., 


4 

4 
WIND NECTIONS 

= ae 

q 

work beyond the yield point, this question is of importance. This pap ee 
: sents a theoretical discussion of stresses under these conditions, and « Ae 
general conclusions applicable to rectangular framework. | 

— 
| 


a ‘gravity loads and v Ww rind loads at the i increased w ind stresses permitted | therefor, 
or that the connections carrying. wind moments be so desi gned that larger 


‘moments induced by the gravity loads under the actual conditions of restraint 4 
will be relieved by deformation of the connecting material without overstress lo 
of the welds. Many designers, however, use an approximate method in which - 
the str ‘esses due to gravity loads are entirely neglected and the connections are 
designed wind moments alone. Other designers take the « opposing view | | 


and recommend that the connections be designed for the algebraical sum of | gi 


stresses caused by gravity loads and wind loads computed independently of | ve 

hi other with the assumption in each case that the connections act elastically, J °° 
Although ‘the last ty two views seem to contradict eac each other, each one may ” 

- ‘hold true for a certain degree of flexibility of the connections. When the con- § 
S 7 nections are very flexible—that i is, if they can undergo large inelastic deforma. or 
= without failure—it may be permissible to neglect the effect of gravity de 
loads. . On the other hand, if the breaking p point i is reached at a . comparatively = 

‘small deformation beyond the elastic limit, both the gravity loads and and the eu 

wi ind:loads must be considered. th 

The purpose of this paper is to analyze the manner in which gravity stres ; * 

; are combined with wind stresses after the elastic limit has been reached. ad 
SUMMARY OF Data ON THE ; Design or Semi-Rigip FRAMEWORK el 
. data on the » design of semi-rigid frames can be divided into two _ 
‘sections for examination: (a) The ‘properties of semi-rigid connections, and = 


the analysis and design of semi- -rigid framework. 
- _ Properties of Semi- -Rigid Connections.— —The defor mation of ¢ a semi-rigid con- 

nection is too complex to be determined mathematically. . In fact, it depends 
on the deflection of the top and bottom angles. or tees, the deflection of the 
_ eolumn flange to which it may be. connected, and the deformation and possible 
slip of the shear : rivets. . The last factor cannot be represented by | a simple 
- mathematical expression. _ Therefore, the experimental determination of stress- 
strain cur curves: of the type given by J. Charles Rathbun,? M. ASCE, and J. L. 
— Jun. ASCE, and R. M. Mains,‘ Assoc. M. “ASCE, is of ‘ahen. as 
ee _ The stress-strain curves are plotted with the moment M acting on the con- 

7 nection as ordinate and the rotation a of the connection as s abscissa. These 
curves have a generally parabolic shape (Fig . the rotation ceasing to be 
proportional to the moment at rather low values of the moment, so that for 
most of the length of the curve the slope, 1/Z, is not constant. % However, up 
to a certain value of the moment bee change i in Z i is | small and the connection 


T] 


— 


not show a definite yield point to the one that on 
Stress-strain curves of steel tested i in tension, and the vari iation of Z is } progres: 
sive. W hen the connection is loaded te & pelet ons such as C (Fig. 1) and then 

unloaded, the representative point travels along a line CC’, which is practically 
ry Some irregularities occur in this line, however, especially in the 


~~. 3**Elastic Properties of Riveted Connections,’ by J. Charles Rathbun, Transactions, ASCE, Vol. 101, 


4**Report of Tests of Welded Top-Plate and Seat Building eed by - L. Brandes and R. 
_M. Mains, Welding Journal, March, 1944, p. 146-8. 
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tale of point C’, where the moment is zero, and are probably due to the 7 - 
larger “glip that oceurs in the rivets when the load is reversed. All unloading lines of 
traint #@ connection are closely parallel to each other, and the value of Z of the un- 
stress [loading lines depends but little on the point C reached during 
which © pare ently, not many tests have been made on the behavior 
- of a connection . under the reversal of moment, or on the 
| strength of a connection. Professor Rathbun® 
_ gives stress- -strain ¢ curves of two specimens under re- : 
versal of moment. These curves show that after the 
connection is is unloaded : along a line ‘such as CC’ (Fig. 
v.«, [| 1) and the moment is reversed, the stress-strain curve 
negative moment is _somew hat similar to the 
original loading: curve; that is, the slope of the curve 
decreases" gradually with the increase of the negative 
moment. After 1 reaching a ‘point such as C” on this 
curve, if the: connection is again vunloaded—that i is, if 
the negative nfoment is reduced —the new unloading 
resses curve C” practically a straight line and i is 
closely parallel to the unloading line CC’. If the load 
the corresponding curve ore closely ‘similar to loading 


4 Analysis and Design of Semi-Rigid Framework.—The various methods of : 
analysis and design may be classified into two types depending on whether or 


am the rotation of the connections is assumed to be proportional to the moment. 
In the first case, in which the rotation of aed connections is ‘assumed to be 


is considered to be clastic. ‘A connection is thought a locally weakened 
ssible Section ‘between the end of the beam and the face of the column, the effect of 


cousil which is is the inverse of the effect produced by end haunches or added cover © 
in plates. — The: structure as a whole is therefore a rigid frame comprising a number 


of locally weakened sections, and the ordinary methods of analysis of rigid 


_ frames, such as t the slope-deflection method or the moment- distribution method, 


are applicable. | n However, the stiffness and distribution factors must be ad- 
justed to provide for the local weakening of sections at connections.*:5+57 a 
In the second ease, since the stress-strain curves have no simple mathe- 

expression, the structure must be an either by successive 


‘itish report.® 


WorKING BEYOND THE PROPORTIONAL 


‘ically «5 “Analysis of Building Frames with Semi-Rigid Connections,” by Bruce Johnston and Edward H. 
Mount, Transactions, ASCE, Vol. 107, 1942, p.993. 


n the Analysis ‘of Rigid Frames,’’ by A. Amirikian, Uv. 8. Gor Govt. Printing Office, Washington, D. 
Tol. Theory of Modern Steel Structures,” by L. E. Grinter, The Macmillan Co., New York, 
and R. ond Final Reports,” Steel Structures Research Committee, Dept. of Scientific and and Industrial 
ion Research of Great Britain, H. M. Stationery Office, London, England, 1934. 
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ogress The types of design methods previously mentioned are rather complicated 
'then § 2nd time consuming in their application, and they assume that the properties" =. 
—— 


of the connections are well known. _ These properties, however, are known only — 
in the case of a few typical connections, and even for these coanections they 
depend on the history of the connection— —that i is, on the previous loading the 
- connection has sustained and on the permanent set it may have taken. There- 
fo , too much refinement in the analysis i is not warranted. — so. ae 
 Itis s claimed*-59 that, as a result of partial continuity, a a of from 15% 
_ 20% of steel can mabe made by using semi-rigid connections in place of onions 
connections. — In practice, however, the semi-rigid connections are used mostly 
to: resist side loads only, the possible saving of steel being of ‘secondary impor- 
tance. It seems, therefore, that it would be useful to have a design method 
that would permit checking a. a connection for overstress under the combination - 
_ of gravity and side loads without going thr ough the process of exact determina- 
tion of the stresses caused by gravity loads. — The usual design method, which 
neglects: entirely the stresses from. gravity loads, i is of this: type. drawback, 
__ however, is that it may be open to question as to just why the frame should be 
3 considered to be e rigid for side loads and, at the same e time, pin n connected for 


the following > which | an attempt is made to the 


Ve 


~ exact t shape : and the numerical relationship between 1 the angle of rotation 
and the corresponding moment may not be known for all points of the c curve. a 
Serta 2. ~The connection can undergo a considerable deformation without failure. 
The connections described by Professor Rathbun* and by Mr. Brandes and 
Professor Mains’ are of this type. However, if the connection is made more 
——Higid by | welding, by using ‘splice plates instead of top angles, or by ‘other 
"methods, the frame will be classified as a rigid frame rather than a’ semi- rigid | 


assumed first that the in the connections due combina-— 
tion of gravity and side loads are small enough so that the rotations can be 
- Se to be proportional to the moments. In this case, the s structure as ~“f 
we whole is elastic ‘and the moments can be obtained by one of the standard 
_ methods of analysis of of rigid frames, taking into account the local reduction of ; 


the : rigidity of the beams at the connections. Under these conditions, | obvi- 
: ously, the stress from the side loads may be computed independently and added — 
algebraically to the stress caused by the gravity loads to obtain the total stress. : 

1 If the total stress exceeds the proportional limit, the rigid frame method is not — 

applicable; but the frame is not necessarily unsafe, as a certain amount of 

nonelastic deformation is acceptable in semi-rigid frames = In order to visualize 
what happens i in semi-rigid frames in which the connections are stressed beyond | 

the proportional limit, two examples are analyzed: First, a preliminary ‘example 

of a symmetrical rectangular frame under symmetrical gravity loads and a side 
load; and, second, a ‘general case of a semi-rigid frame under gravity loads and © 


side loads. ‘It is assumed in both cases that the connections are stressed above 


x “Design Economy by Connection Restraint,” by Bruce Johnston and Robert A. Hechtman, om 
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‘February, 
| the proportional | limit under gravity loads alone, and that the sid 


de load enhances 
‘this condition. The same analysis holds, however, if the connections are 


stressed below the proportional limit under gravity loads and the proportional 
limit i is exceeded only when the side load i is applied. In both cases, it is. as- 
sumed also that the side load may act in either direction; that is, it : may be : 
reversed after being applied i ina given « direction, t then removed and | reapplied 
in either direction. 


ba Symmetrical Rectangular I Frame Under Symmetrical Vertical Load and a — 


a bent ABB’ A’ under symmetrical vertical load (Fig. 
2(a)), bee 


of the partial restraint at the connections A and B there w 


f d re will be 


a restra aining moment Mo 0 in these connections. 7 Therefore, there will also be 


nections n may be represented by the point Co on the stress- -strain in diagram (Fig. “ 


Moment, in Inch-Kips 


= 


Angle Change, in 0. 001 Radian 


It is now that a side P is applied at point A. at 


Point A A will open by a quantity a, and the moment will decrease by Mi, and 
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Dove 3). This point, and Mo, can be determined either by successive approximations 7 he ie 


d 

become A 7 The point: representing the connection at A will move 


to A; on return branch of the curve. As this 


‘Similarly, the angle at point B will close ie cities a2, l 
increase by Mig and become Mo + Miz. _ The point representing the —— 
tion at B will move to B, on the original stress- strain curve. . It may be as: 


sumed that the section CoB, of the curve is practically straight, so that _ 
a2 = 


a= 


_ The angle changes a; and az also can be determined from the deflection of 
the structure due to a Mia | and Mp 1B by ordinary formulas of the 
strength of of materials. Thu 


i Because of the side loads the s shear at point A’ w ill decrease by Mia/h and the 
shear @ at point 3B’ will il increase by Map/h. The total variation is equal to the 
> 


This 

means that the side load ane sat the moment at oo A whereas the > 

‘ increase of moment. at point B is comparatively : small. It should be noted that 

} if the connections at point A and point B we were ‘rigid—that j is, in the 1e case of 3 a 
rigid frame—the decrease of the moment at A would be equal to the increase 
@ moment at B and would have the value P h/2. . This shows t that the increase 

of moment in a connection caused by the side load is smaller in a semi- -rigid 
. 4 frame e than in ina rigid frame of ' the same same dimensions and subject to the same | load. 
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7 It is next senned that the side load is removed. The frame will sway back, 
but will not reach the original position because i it has undergone a plastic 
‘deformation when the side load was hasoay applied. _ The point representing wed 


will travel from Ay to 


. -_ is divided equally between the two connections s. It is seen that 1 the mo- 
| ments restraining the beam at A and B become smaller than cay vere before 
application and removal the > Side load, their value becoming 


This means that if reste: yess moments a are he aay on to reduce the stress 


and subsequent removal of a side load. If the side load i is ; again ‘applied ix in 

“the sa: same direction, the connections will : again act elastically, and the > points 
_ reached on the stress-strain curve will again be Ay and By. a PEs nae 
7 On the contrary, if from the unloaded position the side oad is is applied in 
the direction opposite to the first load— -that i is, in the direction BA—the mo- 
ment i in the connection at point A will i increase : and the moment in the connec- 
tion at point B will decrease. 7 The point representing the connection at A will 
move from Ag to Co along the elastic line, then to ‘As on the plastic line. The 


| ‘point representing the connection at B will move from Bz to Bs on the elastic 
reaching when point Coi is by the | point representing the 


M es M = 
| 
_ which will be taken up by the movement o of the mention points fi from Co 
to As and from B’ 2 to Bs, respectively. As the connection at point A acts 
: plastically from point Co on, this remaining moment will be distributed between 
the connections ¢ at ‘point A and at i point B in the ratio Miz/M1a, 80 t that the 
increment Mo, of moment in the connection at point , A for the movement from 
Co to . A3, and tl the decrement Moz of the moment ir in the connection at point B B 


for the movement from B’ 2 to B; will be determined by 


A 
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point representing the connection at point A 
will n connections act elastically. The total varia- 
(2a) 
- that the restraining moments are reduced, and, consequently, the factor of | 4 —— 
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Eqs. 10 determine the location of points As and Bs, and therefore the moments | 


‘in the connections at this time. 


AB, the moment in the connection pe will and the 


tive point will move from A; to Ag. _ Also, the moment in the connection at B 
will increase and the r representative point will move from B; to By. Both 
- connections t behave elastically, s¢ so that the variation of moment is M /2 in each 
_ connection. — . It will be seen that the moment restraining the beam at points 
A and B is decreased still further and becomes 


From points Ay and By the side load can again be applied in either ps 
AB or ¢ direction BA. BA. Both cor connections will work elastically, the representative 


"points n moving from A, to o As and from 1 By to Bs for the load i in the direction B: A, 
or from A, to As and from By to Bs for the load in the direction AB. No addi- 
tional plastic « deformation will occur during these and subsequent loadings. } 


From the > preceding it. may be deduced that: 
es ‘The maximum i increase of moment in the connections due to side load 


- is Mig deter mined by Eqs. 3 and 5 and is smaller than the increase of M/2 
which would occur if the frame were perfectly elastic and if the moment me to | 


independently. 
Uniform Load on Beam 


Lb per Ft 


6x6xp"Zx 1207 


_ 6. The moments restraining t A and B decrease because of the 
application, reversal, and removal of the side load, the value of these reduced 
moments being given by Eq.1l, vy 


After the first application, reversal, removal of the ‘side load, ‘the 


“« connections act elastically, and the increment or decrement of moment in cach 4 
connection is M/2, counted from the mean value of moment given by Eq. 11, J, 

i P rather than from the original restraining moment caused by the gravity 4 
Numerical Example.—The frame to be analyzed is shown in Fig. 4. To 


‘ _ simplify computations, ‘the columns are assumed to be perfectly rigid. T = ™ 
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- stress-strain —— of the connection is a in Fig. 3 which i is token from 


Rathbun’ s* specimen 10. following computations are ‘self- 


_ Fixed- end moment = 1,850 X 20? X 12/12 = = 740 in- kins 


= end rotation = 
tion - (1,850 X 20° X 12%)/(24 X 30 X 10° x 
nta- 


204. 1) 


a‘ BE In Fig. 3 beam line, ab, determines the actual end moment Moy = 435 in-kips. a 
Both pea that the side load is such that point B, is reached by the point represent- - 
the at B; that is, the total the connection at point B B 

n 
565 in- -kips. Then = 0.014 — 0.006 6.15 X 10-8 in- kip. 


the return of stress-strain diagram Z = 0.755 X 10” 


=1.96 radians. ratio of wind moments is Mg/M4=(0.755+1. 96)/— 
6. +1 96) = = 0.333. For the assumed Mz = 130 in-kips, it is found that o 
Ma = 390 in-kips and M = §20 in- -kips. Note that if the connections were 
assumed to be elastic, Mis = Mia = = 520/2 = = 260 in-kips. The slope of a 


line CoAs is slightly different from the e slope of Assume that the 


- slopes are oonk so that Eq. 11 may be used. The final end restraint moment is 
' then 435 — 520/2 + 2 X 130?/520 = 240 in- -kips instes instead of the original 43 4385 
in-kips, a ‘reduction to 55% of its original value. 


- General Case of Semi-Rigid Framework Under Vertical Loads and Side Loads. — 
Under r gravity loads, the connections in a in a semi- -rigid framework as a rule ~ 


exert , restraining moments on the beams. When side loads are applied, these 
moments are changed. In ‘some of the connections the moments are increased 
because of the side loads, and in other connections the moments are reduced a 
For example, in the frame shown in Fig. 5 there are negative moments in the con- 
nections at A, B, C, and D due to vertical loads Wand We. When a horizontal 
load P i is applied, the frame tends to § sway in the direction of P, and therefore 
the moments in the connections at A and C will be increased whereas the mo- 7 
‘ments in the connections at B and D are decreased. It is assumed that the 
curves of Figs. 6(a) and 6(b). show the stress-strain diagrams of two 
connections : at A and B, and that the connection at Ai is typical « of all the con- 
aha 


r nections in which the moment is increased because of a side load acting in a 
f the given direction, whereas the connection at B is typical of all the connections in 


luced . _ Which the moment is decreased because of this load. Suppose that points a 

ee Fig. r. 6(a)) and Bo (Fig. 6(b)) are » reached on these diagrams under vertical load 

, the only, _ When the side load is applied, the moment in the connection at point A Ais 

a ‘need, and the new point reached will be Ay, located on the or original stress 

q. LL, strain: curve. . At the same time the moment in the connection at point B is 

avity 9 decreased and the new point reached will be Bi, located on the return branch of 
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the return branch from Ay. Similar ‘ly, the moment in the connection at point: 


B is increased and the new point reached ‘on the diagram i is Bo. | ‘During un- 
loading, » the rigidity of the connection at point Bis practically the same as 


loading, but the the connection at point A is greater during 


| 


_ 


2 5 


4 


Moment 


Moment 


= Therefore, the variation of moment during ; 
as during loading, and the state of the connections 
after the side load is ponte is not the same as it was before the side load was 


applied . This new : state is represented by points Ae and Be instead of by 


points Ao and Bo. It is seen, incidentally, that the restraining moment at the 
ends of the beams becomes smaller after the side load has been applied and 

subsequently removed. 
‘Bya applying the si side load again i in the same dil direction as s the original load, 

the moment in the connection at point A increases : and the: representative point 
= from A» to Ay. On the other side, the t in the connection at 
point B ii is s decreased vere moves from to Bi ‘Structure will 


— load was first applied. There is no additional plastic deformation, and the load 

- can again be removed and applied without further plastic deformation. ar 
ey “aad Suppose now that to the horizontally unloaded structure there is applied a 
side load of the same intensity as the he original side load, but of opposite direction. 

> The moment in the connection at po point A will decrease, and the representative 
_ will move from Ao to A3. : . The moment in the connection at point B will 
increase > and the point will move from Bs toward Bo, possibly going beyond Bo 
to Bs; on the plastic line. The structure may therefore undergo an additional 
plastic deformation. WwW hen the unloaded, the representative 
points will move respectively, to o Ag and Bas. this unloading the 
rigidity of the connections is not the same as during loading and therefore there 
will remain a residual strain, the point A, being below the point Ay. It is seen 
again that the restraining pont against g gr avity | loads is further reduced, 
and that, as before, the Structure can again be loaded in the same directions: 
_ unloaded without | any new plastic deformation, the representative points — 
respectively, between A, and A3, and between and If, how- 
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from the last is loaded in 
as the original load—that i is, in the direction opposite to the load just discussed 
: =the moment in the connection at point A A will i increase and the representative 
“point will move from A, to 0 As. The moment in the connection at point B will 
decrease and the representative point will move from B, to Bs. Both 


tions will act t elastically, and therefore the distance ii is s equal to A; wha, dace 


(Fig. 6(a)) ‘and D Ms Fig. 6(b)) be of 

the connections at point A and point B, respectively, due to the side load, in _ 
the case when all connections of the structure are e acting elastically. Also, 
let EMa (Fig. 6(a)) and EM, (Fig. | 6(b)) be the p proportional limits on the 
stress- strain diagram below the line of zero moments. Furthermore, 
May May, - tee, Man, and Man be the total moments corr responding to ‘points 


Referring to Fig. 6(6), the lowermost point, Bs, will still be within the. elastic 


- range of the line B3B; if Bs i is above B’5; that i is, if pie 


As: 
= M ps —2 D Mpg 
this: condition becomes 


< 3 (Mas 4 
Point Bs; was assumed to be beyond the that i is, 
Mss > > (13a 


ie, point Bs will be within the om range of the line B3Bs if - 


In 1 Fig. 6(a), , the lowermost point, As, will ‘still be within the elastic mages sil 


the if Ag is above that is, if 


Mas> — EM 
Mas 


DMs <3 (Mas +E My) 
Tt was assumed that . May it is greater than E Ma, but it is not known if Masi is 


"greater than E Ma or not. 7 Therefore, the conclusion a arrived at for the con- 
_“Rection at ‘point B does not necessarily hold for the connection at point AL “ 

Assume now that A; is outside the elastic range, as shown in Fig. Ee). - 
4 Then As will be within the elastic range of the line AsAs if ea 
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As. M 43 is assumed to be ‘smaller than — E My, the condition holds if 


¢ 
_ Therefore, a after the first horizontal load i revecsed, and removed, 
. the: connections will work | within the elastic 1 range for all subsequent applica- 


DMa< 


Mn < 


pose are not satisfied. 


In the preceding i it was rege that at points / Ai and Bs were reached without 


| 


nections can undergo large failure. ‘It i is seen 
Mar — Mao and Mp3 — Meo are § smaller than ‘D Ma and D Mz, respectively, 
and that therefore the maximum increment in moment in the connection is 
smaller than the increment computed on the assumption that ' the connections 
are elastic. Likewise, it is seen that A, is below Ao and By i is below Bo and, 


- therefore, that the wind load moments tend to reduce the restraining moment 


at the ends of the beams. ys i eee 


Conciusions 


_ Further experimental determination of the behavior of semi- -tigid connec- 


tions under reversing moments will be helpful in establishing a correct design 
method. Assuming, however, t that connections can n safely sustain — 


the connections harder 


ions are stressed beyond t the proportional limit, the dis- 
tribution of t wind » moments is not the same as it would be if the connections 


were elastic. _ The increments of moments. above those due to gravity loads” 
smaller, the decrements are larger. 


_if the connections are such that they can ines large inelastic deformations 
without failure, it will be found that, if the connections are adequate to resist: 
wind stress moments alone at design stresses computed on the assumption that — 


- the connections are elastic, they are also. adequate for the combination of 
gravity loads and wind loads. | 
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| E. Razs.*—It seems “obvious that the : “theory advocated by the 


author involves, not only a particular method for the calculation of concrete _ 
dams, | but also an entirely new law of physics, applicable to porous solids. ee 
Therefore, it should be scrutinized severely before being accepted by the 


Internal -Bouyancy —To demonstrate his concept, Mr. Harza subdivides 
and, the material into small “columns” terminating in pores at both ends, and 
nent § hence e subjected to the difference of the hydrostatic pressure developed i in those 7 
‘pores. This is called “internal buoyancy” and the author (one 
nec: _ “Likewise, s since each column is buoyant, , and the whole « object is com- 
sign _ posed of such columns, then the entire internal st: structure is buoyant, and 
the effect of cementation is nullified.” 
mn -_s attempting to check the , verity of this statement, one should remember © 
may § that Archimedes’ law has been demonstrated for a free body, completely sub- 


_ merged in still water, and not for a part of a solid limited by an imaginary 
surface, where > elastic stresses must also be taken into account. Consider, for 4 


dis-- 


tions ‘instance, the | prism m represented by Fig. - 32(a), containing two spherical holes 
loads filled with a fluid under unit p and p’. 
effect of the ‘ ‘internal forces” on the inner surface | of the holes. will be 
sare fo purely a change i in the stress ; distribution; the equilibrium of the prism asa _ 
a whole, and ‘its resistance tos sliding and to overturning, will remain unchanged. _ 
Ino On the other hand, if column C is isolated, pressure p will indeed act downward 


‘ on the horizontal section passing through the middle of the upper hole, and 


Nors.—This paper by -F. Harza was published i in the December, 1947, Proceedings. Discussion on 


resist this paper has appeared in Proceedings, as follows: June, 1948, by William P. Creager, J. S. Kendrick, | 
7 adolt A. Meyer, E. Montford Fucik, A. C. R. Albery, and W. H. R. Nimmo; September, 1948, by John 
. tha . 8. Cotton, Serge Leliavsky Bey, A. H. Davison, R. E. Ballester, John S. McNown, and V. T. Boughton; 7 
on of October, 1948, by Ross M. Riegel, and _ ‘McHenry; November, 1948, by Frederick L. Hotes, R. W. 
= 7 Carlson ‘and Raymond E. Davis, and W.G . Morrison; and December, 1948, by Raymond A. Hill, and John 


_® Prof. of Soil Mechanics, Univ. of Ghent, Ghent, Belgium. 7 a 
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1 RAES ON PORE PRESSURE © _ Discussions 


Fe 


pressure p’ will a act upward on ‘the corresponding section of the lower hole. If 
: an equation of equilibrium i is written by projection on a vertical a axis, , the shear 
on th the lateral surface 0 of the column m must be introduced. on st 
the "Statics ca: can determine the resultant of these : stresses, but not their distribu- 


tion; 5 nevertheless it is likely that | the pressures on the bases of the cylinder will 


* 


be nullified by shear stresses transmitted t to the parts of the surface 
situated near both e ends, in such a way ay that a slice at height A’ B’ (Fig. 32(a)) 
7 will not be affected by the pore pressure. Passing to the extreme case, imagine 
| ‘that the fluid i is enclosed in in a strong casing touching the substance of the prism, 
- not. pressing upon it, with the evident result that column C would bear 
‘no pressure at all, and could not possibly be called “buoyant.” _ When weight | 
q is neglected, pore pressure can have no effect on the ¢ conditions existing in 
j ‘sections that do not intersect the “pores u under consideration, ‘except through 
— local stress variations that may occur without modifying the resulting force and 
“ couple « of the stress. system, in 1 spots where pores are very near the : section 
surface. 


Consequently, the writer believes that t the concept of “internal buoyancy” 


is not only needless, but sometimes misleading, | and should be e avoided, although 
_ consideration of buoyant elementary | columns gives correct results if the lateral 
stresses nullify: themselves. Indeed, under t the heading, “Bottom Uplift,” the 


— As the same calculation can be made for any other plane horizontal section 


utting voids, the claim of full uplift is certainly not justified in in all all cases. 


surface of a and reaches the e conclusion ths vhat there 


Uplift « ona Given ‘Surface-—In fact, full uplift i is found on : on a very unusual | 
‘surface, which has been visualized with much - ingenuity by the author, and > 
which th the writer will call the “ “Harza surface” i in this discussion. It is obtained 


by ‘visualizing a block of columns terminating in pores. ‘The’ lateral shear 
a stresses disappear, of course, | where two of these ‘columns touch one another; 


but in the base of the block, constituting the Harza surface, certain lateral 

facets remain uncovered, and vertical shear stresses can still exist. 
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o small cle 
ments | intersecting material conforming a as nearly ai as possible toa 
plane, but ‘cutting no soil grains. The Harza surface can be considered as 
generalization o of “‘pseudo-facets,” completed by. facets” intersecting 


miscrosolids. 


If different sections are considered, the forces applied on one side of the 
surface of s “separation may change, not only in the case of of pore pressure, but in © 
a general | way, as will be noted in Fig. 32(b), where the sum of the forces is 2 P a 

above section zy, zero above section 2’y’, , and —2 P above section 2’’y”’. In 
deed, one can trace the pseudo-facets with the intention of “catching” cer tain 
forces and “dodging” others. by doing so, the p points of application | 


these forces are not far apart, the surfaces sel selected nevertheless. can be very 


lose tooneanother. 
‘Thus, the author has as succeeded in discovering a surface subjected to full 
- uplift; and Fig. 32(c), where tubular \ voids are assumed, shows that it is 3 even 
easy to _ draw a surface such as section 2 xy, submitted to 150% uplift, or more. _ 
‘The latter ‘surface is composed of "vertical ar and sloping solid facets; but this is 
no obstacle, as long as stresses are » ignored. - However, ‘on 1 plane a z’y’ the ‘uplift 
r- will be zero. The Archemedian uplift still being exactly 100%, pd foregoing 7 
examples demonstrate that the term “buoyancy” cannot successfully be 
applied to pore pressure, and that discussion about the true value of pore” 
ee is meaningless as long as the exact ‘surface « of separation is unknown. 
course, since only the vertical ‘components of pressures are reckoned 
—s horizontal components have no importance; and, if all the facets 
inaccessible to the liquid are vertical (which i is precisely the case for the e Harza 
= the total uplift will be. equal to the buoyancy effort. This ca: case is” 


as and does not justify confusion betw een pore pressure uplift and 


buoyancy, 


— In the paper the ultimate aim is to compute normal stresses in a horizontal 
section, as established by Fig. 9 and by the fact that the > theory of the “‘middle 
eS is considered. At first thought, it: appears to be axiomatic that, for this 


act on the fraction n of the area, if n is the ordinary porosity, according to 
Delesse’s law; but it must be as Karl Terzaghi, Hon. M. ASCE, 
made clear, that the so-called “‘strength” of a porous | material i is nothing | more 
than the resistance of a surface of failure, which i is not a plane, but the weakest 
section that can be drawn through the existing (and unknown) pore structure. _ 
Hence, the ‘ ‘effective” uplift wi ill be measured by t the effective porosity 
' of the p potential surface of rupture, just before it g gives way, , and this measure- : 
_ Ment can only be made experimentally. In this connection, the writer wishes 
to observe that the real surface of failure i is not necessarily identical for a dry 
i sample -and for that same e sample under | pore pressure, because, by altering the © 7 
se ‘in t the second case, the uplift may change. 
Interpretation of Tests. — —To determine Neo Professor Terzaghi and §. 
Ieliavsky Bey, M. . ASCE, performed clever experiments, and found, respect- 


cr only the geometrical haclnontel plane will suffice . Thus, uplift would 


53 °*Théorie des Pseudo-Facettes en Mécanique du ‘Sol, P. E. Raes, Annales des Travaux Publics — 
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— average ee of 0. 97 (série I), 0.97 (série II), and 0.998 en III) in 
: the Terzaghi compression tests, 29 and of 0.915 in the Leliavaky tension tests. oi 


From, observation of Fig. 18(c), representing Terzaghi surface, one 


is only of a tensile nature, and is amazed - its magnitude. — icaiealan, 
is indeed visualized as an aggregate of grains, , “welded” together in their 


contact points; and, in such iL material, facets ‘subjected to shear are unlikely 


in a section : resembling AB. 
_ On the contrary, if the material is assumed to be a _ continuous solid with 
holes i in it, the separation surface may ‘contain facets resisting through shear, 
and can even be constructed entirely of similar facets, like the Harza surface. 
Under such conditions it is evidently needless to imagine tl threads of astounding 
tensile strength when Ny approaches wu: unity, and the value ue Ny = lis 
plained. However, this explanation d does not demonstrate that the Harza 


rface i is ‘the t true section of rupture. 


In Fig. 33 different types of possible failure are suggested, and in each « case 

the area of uplift i is shaded. In In Figs. 33(a) and -33(b), Ny <1; in Fig. 33(¢), 
= 1; and, in Fig. 33(d), Mw > 

” ‘The last type, Nw >1 (which is likely to occur only in compression n failure), 

=) “ju interesting because it shows that Ny can become greater than unity, when s such 
facets dominate. . Some explanation of this kind had to be discovered , since 
values of 1, 1.07, and even 1.2 were found for ny in the Terza; zaghi tests, and would 
be simply bew ildering if f only tensile strength was possible.’ The fact that the 
corresponding tests were based on compression, which makes ruptures ¢ of type 

— - (@) shown in Fig. 33 physically possible, supports the views suggested herein. 
4 In the writer’ ’s opinion, this analysis confirms the ‘masterful Terzaghi theory 
of | “effective porosity,” to be measured by experiments. Nevertheless, the 

is glad to state that the “Harza surface,’ conceived by the author, is 


very helpful in understanding the pore pressure problem. Shite 


8 on Effective Uplift in — Dams,” by Leliaveky Bey, in in “Uplift Pressure 
in and Beneath Dams: A Symposium,” Transactions, ASCE, Vol. 112, 1947, p. 444. 
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H. CAMBEFORT. Although various examples given by Mr. Moore 
‘seem to confirm the design method i in the paper, the writer is not completely 7 
‘convinced that this is : so. 7 It would have been helpful (especially for the 
European reader) if the theoretical basis for this method had been outlined. a 
Apparently, the calculations depend on an assumption that there is passive 

earth p pressure from the surrounding soil. 

In the simple case of a wall, however, this pressure will not come into action 
before an appreciable » displacement has oceurred, and it is s probable that the 
problem is more complex in case of a pile. Only experiments can supply an 
answer to this question; but it is necessary that these experiments be made ; 
“with 1 a certain ¢ objective insight, and some extra care. . The ‘usual test does 
“not furnish serviceable information, giving only the penetrations as functions 


of the loads. _ This applies to most cases of piles driven in nonhomogeneous soil. 


—_ - It is advisable for the e engineer toe examine e the soil strata a carefully, not only 

- the layers which the pile must penetrate, but also those some distance below 

the pile tip. In general, a soft layer penetrated by a pile will eliminate the 

"support that the upper and more rigid layers ‘might g give the pile. uy upper 

layers, being subjected to the often important frictional forces along the pile 

Shaft, cannot find support | in the soft la layer. _ The writer made a test on a pile 

that had been equipped with extensometer at the level of the boundaries of 

every ‘soil layer. he stress in the pile’ immediately below the soft layer 

corresponded to to nearly the total load applied at the pile top, whereas only one > 

sixth of the total load v was to the lower boundary of the 

(in the Present problem). 

ambiguity of the theoretical case by } ‘Mr. Moore Although the 


‘negative friction of all the layers seldom exceeds the resistance of the bearing 


Nore.—This paper by William W. Moore was published in November, 1947, Proceedings. Discussion 
on this paper has appeared in Proceedings, as follows: March, 1948, by A. Ww. ~— and June, 1948, by 
~ Hamilton Gray, Jacob Feld, and George F. Sowers. a 


_, 8Civ. Engr., Ecole Nationale des Ponts et Chaussées, and Head, Dept. for Studies of Constr., Entre- — 


de  Fondations et Tra’ et ‘Travaux Hy ydrauliques, Paris, France. 
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CAMBEFORT 0 ON PILE LED LENGTHS Discussions 
_ layers, ‘Mr. Moore takes this friction into consideration consistently, without 
showing the consolidation diagram to justify it. 7 

_ Furthermore, when it can be e predicted that the upper layers will settle 
more than the tip of the pile (thus loading it as the result of the negative 
frelon) the easiest procedure would be t to eliminate this friction by lubricating 


the skin s surface of the pile : shaft. ‘Thus, one should not try to drive the pile 
inordinately scenes it is s not t always possible to to do wall 


+7. 90 y Position of Pile-tip at Start of Test i 

V7, 


“Elevation, in Meters (1 M. = 3.28 Ft.) 


19. 20 Final of Pile. tip. 


Pressure on Jacks, in Tons 
Fre. IG. . 22.—Tzst OF A ae Cast CoNncRETE PILE TO DETERMINE 


IN ITs RESISTANCE TO PENETRATION 

The soft layers above. the resisting layer er (the stratum in which the pile 

is supported) are also of great importance. If the pile tip is too close to the 
lower boundary of this resisting layer, and if this layer rests on soft soil, the 
pile will penetrate it— that i is, , will fail. On the other hand, if the pile had been 


4 shorter, the penetration | would no not have occurred and the pile would have met 


sufficient resistance. In such a ‘ease, however, settlement must be expected. 
 — phenomenon | occurred in the first foundation for the Trans-Atlantic 
Railroad Terminal at Le Havre, France. ‘The piles, supported it in the sand 

and gravel between EI. +1. 50 m and +4 ‘m (from 5 ft to 13 ft), had sufficient 

bearing capacity, but the building settled nevertheless. 
foundations were repaired by jacking down ‘pre-cast Piles tc to El. —19 m 


4 ft). The load-penetration | diagram: of “one of. these piles, as shown 


4" Btude Expérimentale de la Force ieee ” un Pieu Foré,”’ by H. Cambefort, Editions Science et 
Industrie, Paris, France, 1947. 
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in ‘Fig. 22, is a good illustration of the varying re resistance. an When the tip 

— the lower part of the firm layers (sand and gravels, | and plastic clay) 

just above the soft layers, the bearing capacity decreased very rapidly; and, 

when the layer was penetrated, the bearing capacity was very nearly the same 

as | it was above this layer. . In other words » pressure of the soft strata has 

precisely y the same effect as if the firm were not there. 

Considering ; again the penetration of the firm layers, if t the | maximum 

_ capacity indicated in n the diagram is created entirely by end bearing resistance, 

the bearing capacity of the pile will remain constant from the point where the 

pile tip reaches the soft clay - This i is not the case. a Before it stabilizes, the 

bearing capacity decreases through the first decimeters of this soft layer. 

appears, then, n, that the lateral friction varies in the same manner as the end 

bearing resistance. This phenomenon was recognized in the test described 

herein. The pile tip was protected by a hydraulic jack, which enabled the in 


ceyeles 3, 4, and or curve ve shows a also, t that the lateral friction does n not 
develop ‘completely, : except for a certain penetration of the pile (loading | cy cles 
2 and 3). Furthermore, the frictional resistance to uplift i is not comparable 
to the lateral friction generated by sinking the pile. | However, it was 1s approach- 
ing th this value (corresponding to . the settlement) when the end bearing resistance 


omitted (loading cycles” and 10). Lifting the tip jack by inflation 
produces 2 a stronger friction than. lifting the pile by its head (loading « cy eles 


Thus, present computation methods are incapable of explaining all the 
‘phenomer 1a. Therefore, it is necessary to collect experimental data. As a 
contribution: to this end the writer s submits the following: A rod, 130 mm in 
‘outside: diameter, is driven into a very dense sand and gravel formation. — W hen 
the rod reaches 5 m or 6 m, a crater is formed at the surface, about : 50 em in 
diameter (1 m is equal to 39. 37 in. or 3.281 ft). The failure takes place along 
a | vertical cylinder and the settlement reaches from 10 em to 15 cm. : - 

A tube 560 mm in diameter, driven i in the same ‘Soils, produced failure within 
a a cylinder 2.2m (7 ft) in n diameter. Be ratio between the diameter c of 1 the dis- 
upted soil prism and the ery nearly 4. Could: 

‘this be regarded as an effect of the eneigy ; input at ‘the tip? Ina way, the 
actual pile was transformed into a hypothetical ‘pile ‘of much hee diameter, 
| proportion between the diameters being a function of t the angle of internal 


ss of the soil. -< In the present case the proportion is 4, and the angle of 


internal friction is siete at from 37° to 40°. ia 
the end bearing was zero, the lateral friction did ‘not affect parts 
= than the actual pile shaft. In that case it would be four times smaller 


and, in any case, the small-scale tests made by J. Lehuérou- Kérisel?” show 
“Etude la, d’un Pieu Foré,”” by H. Cambefort, Editions Scie 
ndustrie, Paris, France, 1947, p. 15, Fig. 1 
p.10,Fig.12,0 


a7 te a Force Portante des Pieux,” b 
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that the frictional 1 resistance F, to a pile driven into pure sand is ann uy ¢ 


5 in which, in addition to the willis of alll paper, c is the circumference of the 
mum pile and s is the vertical stress at a depth h. The accuracy of Kq. 15 was — 
ance. checked by tests on a 2 pile. of 43 420-mm diameter, the penetration being from 5 
, the "Bq. 15 should not be not | be applied to to cohesive soil. However, a sufficiently ace 
curate ‘approach may ‘be by simply ‘multiplying the cohesion by the 
> end lateral contact area. The penetration of the tip is illustrated by a broken line —- 
ribed @ in Fig. 24, where the changes of the slope correspond to the loads P given by 
the formula of J. Ferrandon: 

ding ‘sin — sin ¢ 

ycles which is an extension of the eee for piles devised by 0. K. Froeblich®* and 
rable 

oach-— le. 

ation 

cles 

~m in in which s is the penny on the tip of diameter d and 4a, is a coefficient, depending : 
along on the soil. 7 The analysis of this test shows that the e penetration curve for the 
pile top p (Fi ig. 25) presents*® points of changing slope, corresponding to. 
ithin § following phenomena: A; is the limit of the elastic zone, the point defined by 
e dis- Messrs. Ferrandon and Froehlich ;. is the lateral friction now fully ‘developed; 
Yould ie ‘Asis the | penetration and failure, e, the point « defined by Mr. Caquot. 7 —— 
the Be Ao, Fig. 25, commonly referred to as the point of failure, corresponds to nothing 


‘more than the final development of the lateral friction. re 


reter, 
| These curves apply to a cast-in-place pile (drilled and cast in the soil), and 


ernal 

sle of it his possible that the conditions are somew hat different i in the case of a driven 
“Pile, ‘In: particular, point Fig. 2 5, , should disappear in. in the case of a 
parts. “ile. In so far as the designer does not consider a pile as an hyperstatic system 
naller § in which the resistance e depends primarily on the displacements, he may con- 
show clude that the bearing capacity ¢ can never be calculated no matter what formula 


ence 


Wapplied 


ke 23 ‘*Druckverteilung im Baugrunde,” by O. K. Froehlich, Springer, Wien, 1934, p.142, | 
Force Portante. des by J. Kérisel, Annales des Ponts et May, 1939, 


Ind 30 “Bede. Expérimentale de! le Fyre Portante d’un Pieu Foré,” by H. Cambefort, Rditions Science et 
—— 
4 


sions 
e tip he 
clay) 
— 
ou 
— 
- 
— 
— 
— 


_CAMBEFORT ON PILE LENGTHS 


Discussions 


are “on the right with Kérieel, the F the 
mulas; but raed formulas must be supplemented by a study of the displace- 
ments- requirement ; for exploring | the behavior o of a pile. — ‘Next the 
tw should be obtained for each of the points A, in Fig. 
25. _ The same considerations may apply to the end bearing resistance in 
cohesive soils; but nothing is known concer ning the lateral friction i in such soils, 
- Mr. Caquot’s s “theorem o of corresponding : stages” reduces this case to one of 
a cohesionless 8 and, but it is only valid for a series of stabilized conditions of 
the sc soil, w which pin not : sat all | correspond to the case involving a a pile. . In the 
same way, the theory of consolidation defined by Karl Terzaghi, Hon.M. 
ASCE, cannot apply to the first: instant that a a pile is loaded, because the ’ phe- 
‘nomena oceu occur much too rapidly” at that. stage. can yarn apply when ‘data 
_ are available. as a result of fa study of of the life of the foundation. (org: 
‘io The structure of clay resembles that of sand, but it is epe that thei 


1 


— 


‘similarity to the of a pile (or of the ofa soil). ute 
=e order to do this, it may | be useful to treat the soils as perfectly pl: & the 
media, or “even as viscous liquids, and then to study ‘their “seepage” tor: 


their ‘ ‘yield value.” The experience 0! of the glassmaker should not be forgotten. 
it may be intere esting, from another point of view, to determine the : apparent 

° coefficient of elasticity of soils more frequently. Such studies, in connection 
with tests, will undoubtedly help to clarify the problem of determining the 

bearing eapacity of piles. 
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DISCUSSIONS. 


SHEARING STRESS DISTRIBUTION IN BOX 


GIRDERS WITH MULT! IPLE WEBS 


Discussion 


| 


‘NEIMAN 


| 15 Assoc. 


uted good derivations of ree home ne: sik out certain limitations of the 


theory, and have expanded the solution to the more general ¢ cases involving | 
torsion. Professors Clark and Hanson are especially to be commended for 
using arithmetic to show how the distributio on o of s shear —_ obtained when — 
torsion, in addition to bending, i is to be considere ed. 
Professor Goldberg’s attention is draw n ‘to the first sentence the 
heading, “Acknowledgments,” where the following i is stated: 


“The procedure for computing shear stress distribution the par- 
ticular application of the principles of mechanics to the solution of the _ 
problem a as outlined in this paper were developed by the writer while en-— 
gaged in the structural design of conerete barges for the ‘United States 


Maritime Commission.” 


No claim is made that of mechanics | are. ‘developed. 
- Goldberg’ s statement that this problem is practically routine in the aircraft : 
“industry is is _ undoubtedly true. Unfor rtunately, howeve large majority 


of structural engineers have not had experience i in aircré aft design. — Moreover, 7 


shown by Professors C Clark Hanson, the literature pertaining to civil 


engineering structures is somewhat scant in this regard. The problem 
also complicated by the meager information available as to details for Pure’ 
‘shearing stresses at transverse frames, at transverse bulkheads near (and in 
the way of) large hatches, at at corners, and at abrupt « changes in ‘thickness of 
‘plating. ‘These subjects. may furnish a field field for for further study and experi- 
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Eulbseale hogging and sagging tests oi ea concrete and steel were con- 


"ballast. Electrical strain gages in n the form of rosettes 1 were re placed all around 
the girth of the vessel near points of maximum moment and shear. 
vertical shearing stresses were | computed from the strains. will be of interest 
to engineers to know that the vertical shear computed to exist at the section 
from the diagram of loading checked - within ened of the to total of the internal 


shearing forces as computed from the strains 


— 

2 

— 

— 

— 

— 

| 

By 

| 

— 

ad 

— 

ae 


SOCIETY 


Founded November 5, 1852 


-DISCUSSIONS- 


PANAMA SEA- LEVEL PROJECT 


A 


ERNEST SHANKLAND ie Tn the fifth Symposium paper, Messrs. Lee | and 
Bowers cite the 
on ‘ship resistance in _ restricted invite (see heading, “Studies of One-W ay 7 
Traffic”). . Using Mr. Baker’s studies as a background, the writer investigated : 
‘the maneuvering fac factors in the Thames tideway in 1 England, w which. is a eid 
restricted waterway considering the trade that it c carries. Mr. -Baker’s laws 
of safe steering were found to be rather conservative. Observing the star - 
board hand | tule, ‘it is sometimes possible within Mr. Baker’ s limits to have ; 
several vessels navigating the bends at high tide, with a stream fluctuating i in | 
force and direction.’”” Bye experimentation when designing new dredged cuts” 
‘it was discovered that « curves should be held within a ly limit, to control 


| 


overtothem. 

SOHN § 8. McN own, 28 Assoc. M. ASCE— —Per haps the n most striking of the 
“several significant features of ship behavior in canals described by Messrs. de 

i ~ Bowers is the change in level with speed indicated in Fig. 50. _ Although 

| - the measured changes in level of several feet are surprising on first consideration, — 


they are readily ‘eonfirmed—quantitatively well: as qualitatively—by the 


Nors. —This Symposium w was published in April, 1948, Proceedings. Discussion on this 
has appeared in Proceedings, as follows: June, 1948, by Hans Kramer, and Philip G. Nichols; September, | 
1948, by George B. Pillsbury, Kenneth S. M. Davidson, Joel D. Justin, W.H. McAlpine, W. E. R. Covell, 
William Herbert Hobbs, Hibbert Hill, Kenneth C. Reynolds, Gregory P. Tschebotarioff, Charles W. Dohn, | 
and Donald F. Horton; October, 1948, by E. Montford Fucik, Charles M. Romanowitz, and Raphael G. 4 
_ Kazmann; November, 1948, by George B. Massey, William Allan, and Boris A. Bakhmeteff; December, — 7 
- 1948, by Robert C. Sheldon, F. W. Edwards, and H. R. Cedergren; and January, 1949, by Harry oO. Cole, a 
Ole Erickson, Clarence Jarvis, Anson Marston, and ‘Ralph | Kirkpatrick. 


8 “Steering of Ships in Shallow W: ater and Canals, ai byG G. S. Baker, Transactions, Institution of Naval | 
Architects, Vol. 66, 1924, pp. 319-340. 
127*Modern Harbours: Conservancy and Operations,” E. C. Brown & Son, 
188 Associate Prof., Dept. of Mechanics and Hydraulics, and Research Engr., Towa Inst. of Hydr. © 
Research, State Univ. ‘of Iowa, Iowa City, Iowa. 
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dredging; and, as advocated by Messrs. Lee and Bowers, half-moon concave 
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strightfor application of « elementary concepts. 


unsteady to steady by the simple of a ads 
* to the motion of the ship. _ In this w ay the ship is brought to rest and 


as ‘the water in the « canal is given a 
motion as shown in the two 

Unsteady parts of Fig. 115. The resulting. 
pattern of flow then differs only in 


minor detail from that for flow in 


open channel with bottom or 


side contractions. The reduction 
‘in cross- “sectional area leads to an 


‘increase in 1 velocity. y which, in tran 


Steady 
quil open-channel flow, must be ace 


7 companied by a drop in surface 
level similar to that occurring ov er 


Vitav—. 
na _ a broad-crested weir or in a Par- 


Fig. 115.—APppLICATION OF PRINCIPLE OF RELATIVE a 


_ remarkably close agreement was found that the computations were completed 


for - nine cases shown in Fi ig. 50, the assumption being made that the ship i is 
“long ¢ enough for the flow past it to be essentially uniform: throughout the 
channel cross section n along the entire length of the ship. _ Although the change 
in water surface is surely less ‘than a average > near, the bow and. stern, the effect 
on the buoyancy i is also Leas 3 in these regions, and no ) correction is necessary to_ 
estimate the effect ‘t in n question. Although | Fig. 49 serves as an approxim: ate 
check on this assumption, the reversed flow past the ship for the conditions of 
Fig. 49 is so nearly critical | in the reduced section that complete uniformity 


scarcely be expected. In one | 
‘Tespect the applic: ution of the usual 

one dimensional form of the Ber-_ 
noulli i equi ation is more accurate for 
this case than in the usual applica 


tions to. open-channel flow —the 
locity in the appro: vching flow ‘Fre. Skercn ror FLow 
4 actually, instead of approximately, Sections 

_ For steady flow , With the water moving ; and the ship stationary, the veloc ‘ity 

of the undisturbed water V; is s equal to ) the § ship speed, whereas the. velocity in 
_ the reduced section V2 is somewhat L greater as shown in Fig. 115. _ The change 
in level, which may be: designated as 2, is simply related to the two velocities, — 
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, or beam, keueaite -and D is the depth of vessel dis-_ 
a pg ‘From Eqs. 7 and 8 the variation of Vi with y can be computed 
- - ‘directly for assigned values of the beam (B) and draft (D) of the ship and of 
the depth and the width of the channel. The ar area of the submerged “cross” 
section was arbitrarily assumed to be 110 X 32 = 3,520 sq ft rather than 
4113 X 32. 25 = 3,650 sq ft, since the shape is not a true rectangle. ‘The’ com- 
"puted « curves om n in Fig. 117, together with the experimental ‘points 
sealed from Fig. The agreement between the ‘results from the analysis 


‘and those from the model study is remarkably good. 
a. Both the theoretical curves and the 1 measured values indicate the existence 


. ofa a maximum velocity, which, as the e authors have shown, is is » is that which leads 
a to critical flow in the reduced section. Once this maximum is reached, the 
change in depth becomes unstable since the slope « of the (V -y)- -curve is” 

infinite. If an even higher speed were attempted, water would gradually pile 
op ahead of the ship. The critical velocity, therefore, should be used | as a 


- _ design maximum, which should not be closely approached and surely never 


7 ‘The simplified analysis utilized herein is restricted to cases in w which the 


channel dimensions and the s ship ) dimensions. are comparable magnitude. a 
- Motion of a ship in a large river, or in the ocean, could not be analyzed in this 
— "manner sine since the i increases in 1 velocity would be large near ar the ship, pl 
7 to zero some distance away laterally, in « contr ast to the constant velocity as- 
sumed i in the derivation of Eqs. 7 and 8. For a very large canal cross — 
‘* 3 *- change of surface elevation near ur the ship i is thus a function of the local flow 
7 pattern rather than of the canal dimensions. The analysis for this limiting 
- 4 case would be extremely complex even if the induced surface wave pattern were 
neglected; observations of the magnitude of the comparatively small effect 
are doubtless available from model teste. 
- -~ The change i in surface | level near @ ship, and henee t the change in ship level 
as well, are readily explainable and also predictable in magnitude ot on the basis" 
of a ‘simplified analysis. Although limitations the applicability of the 
proposed analyses are evident, within the range , e of practical canal design, 
surprisingly good results can be obtained. Logical conclusions that can be 
: drawn from the comparison in Fig. 117 are that further model studies i in the 


‘range of variables tested are unnecessary, and that many of the runs made : 
could have been omitted once agreement had been established for a f few rep- 
___Tesentative conditions. Since the theoretical curves in Fig. 117 are easily, 


prepared, prediction of given ship and channel dimensions of the variation of © 
7 surface level with speed, together er with the the critical or maximum ship speed, is 


reduced to a simple procedure. 
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DISCUSSIONS 


‘DEPRECIATION OF PUE 
_ UTILITY PROPERTY 


ANSON Marston, 39 Past- -PRESIDENT AND Hon. —The part of 
this pa) paper most valuable | to the writer is the discussion (under the heading, 
_ “Introduction”) of the indications of the present views of the United States — 


Court on the authority of the 1898 Smyth versus Ames decision—as 
shown by the recent ‘rulings in the Natural Pipeline Company 


(315 1 US 575),® the Hope Natural Gas Case (320 US } §91),” and the F Panhandle 
Eastern Case (824 US 636). 


In brief, the essential Smyth versus Ames decision is 
simply tha that the ‘ “fair values” of utility properties: must be determined in the 
same w: way as all other property values are determined in sales and purchases— 
by the judgments of the parties thereto. — Every factor which should affect 
must be considered and these factors their ‘ “Sust and 


by 


- Still Survive! tee this the writer w ould answer yes—and 1 not even the Su- 


preme Court rt can de this true | basis. of every exchange value transaction, 


principle still prevails with the present Supreme Court i is anybody’ S guess—as 


the author of the paper correctly concludes. 
_ The rest of the author’s discussion on this point is devoted to poveening 
= hat the | writer considers to be an unsound a and unwise y ‘suggestion.’ ’ It is 


(Sey 


ne suggestion that, in valuations of utility properties ; and determinations of 


__, Nors.—This paper by Maurice R. Scharff was published in June, 1948, Proceedings. - Discussion on 
a paper has appeared in Proceedings, as follows: October, 1948, by ‘I. Kappeyne; November, 1948, by 
W. V. Burnell; and December, 1948, by Donald Gunn, Henry F. Lippitt, II, and Albert: Pp. Learned. a 
* Dean Emeritus of Eng., Iowa State College, Ames, Iowa. 


a Public Utilities Reports, New Series, Vol. 42, 1942, 129. 


SIbid., Vol. 58,1945, p. 100. 
ct the Ghost of Smyth v. Ames Still Walk?” by Robert L. Hale, Pn heii Review, Vol. 55, 

2, p. 1116. 
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their accrued and annual oan a Oe a return be made to the Smyth ve versus 
Ames decision, but that only two sentences in it be used, discarding its require- 
- ments that every factor affecting value must be given due consideration; and 
that, in adopting an interpretation of these two sentences, a valuation raed 
a _be used j in w hich everything i is based on calculated estimates of the reproduction 
of existing. properties and of the reproduction. cost of substitute properties, 
‘The Smyth 1 versus Ames ‘ fog” of meaning, which various economists, com-— 
: “mission authorities, lawyers, some judges, and other writers on valuation find s so 
blinding, i is in t] their own minds. If in every purchase and sale of property tl the 
-_ exchange value had to be determined in court, the same “ fog” would | ensue. 
< arises from the conflicting testimony of experts, paid by opposing parties in 
; court proceedings. Each such party ean t be sure that it can hire a battery of 
“experts” to its ‘particular contentions. The “suggestion” made by 
ie author of this paper w vould, if adopted, make | his present ‘ ‘contusion worse | 
confounded” even more confounded. 
7 7 Iti is the writer’s view that the trend of progress in valuation and the deter- 
mination: of depreciation is in the opposite direction from that suggested by 
; the author. ~ More and more, there is a departure from the estimates, and 
sometimes fanciful speculations, involved in experts’ opinion testimony in 


; eek the trend is to give more and more w weight to fully itemized property 
_ inventories showing» the actual original costs of the ‘individual items of the 
actually existing properties; and to alr percentages ‘of cost as 
have been actually incurred in the past; but not excluding such substitution of 


present prices (and the resulting cost, of as sound, con: 


serva 
In the | ‘opinion of the writer, the same of estimating the 
and the depreciations of of public utility properties should be used as are applied 


 con- 
"struction pi and the i increasing demand of liailinas n industry for addi ional 


plant facilities this paper timely one. The proposed method of valuation. 


subject of valuation and depreciation is now enmeshed. This writer wishes 

7 to direct his discussion toward some of the underlying ¢ causes of this confusion 

to certain criter ia that must be by any I method of valuation 


ing “manufacturing 
_invento 
No one of these methods has universal acceptance. "Pricing property inv 
tories is a a specialized application of the general | pricing problem. In pricing 
; inventories for the purpose of valuation the two more widely accepted methods — 


are “bottomed”’ on either (1) original construction costs or (2) present con- 
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struction ‘costs. 
reflect” the accrued on the ‘units in 


Replacement Cost Experience, Past and Present.—The e desirability o of using 
the present cost of construction as a basis for value was | vigorously and force- 7 
fully presented in the famous Smyth versus us Ames Case (169 US 466). Labor - 
was scarce following g the Civil War, financing was difficult to obtain, the United 

States was in a period of postwar inflation, Ww working conditions on the trans- _ 
continental railroads: were rugged, and the resulting original costs for these 


arteries of commer ce were high. — For r three decades prior to the Smyth versus 
Ames” litigation construction costs had been decreasing. was the cost 

settin ing at the time the representatives of regulation argued so vehemently for — 
- the use of the “ present \ costs of construction’ llhes the criterion of value. The 


United States s Supreme Court held, however, all factors: to be 
sidered. 


W ahd War I, costs again They “peaked” n 1920, 
dipped in and then lev eled out into a + fer the remainder of 


on a new level, ie to use 4 costs a as the 

primary, if not the only, measure of value was giv en favorable reception, and | 

— often accorded major weight in the ‘ “fair values” that w vere found. Se 

_. The U.S . Supreme Court handed down a decision in 1930 holding that oa 

- legal depreciation base should be “present value,” Wh and not cost in the case of 
the United Railways and E lectrie Company of Baltimore versus West (280 7 
US 234). Economic cot conditions changed markedly thereafter, an and with the 
iauion of the early 1930’s this | “case” wa s avoided by the Court in their — 

decisions handed down in later rate cases. 

By 1944 economic conditions showed another change, and in the Hope 
Gas Case US 591) the Court specifically overruled its 1930 
on- decision ‘dedating, ‘we cannot approve | a contrary holding i in the United 


mal Railways vs West” 


With the advent of World War II, and particularly : after the lifting of } price 
“controls, there was substantial rise in construction costs with the 


‘measure of of estimating value and. gr 
‘similar to this proposal i is used by t the he United § States Steel Corporation. In its: 
"publication the annual depreciation n charge is s shown in two parts—$43,600, 000, 
q | based on the original cost of the facilities, and an additional $13, 100, 000, cover- 
ing wear and exhaustion of facilities “in view of the greatly increased present - 
cost of facilities to be replaced.’ ’ In a later edition of the same publication on? 


the method is again mentioned with the explanation that it is used: women, 7 
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_ “* * * in an endeavor to set up a reserve for wear and exhaustion i 
— which would more —— accord with such | higher current 


Costs  Piving —The original cost of construction of a 
ee property has long been used as one factor tob be considered in determining value. 
Since before 1898 price fixing has been a recognized prerogative ve of the legislature 
(Munn versus Illinois (94 US 123) in October, 1876). Rate making is but a 
species of price fixing. | In | passing the Natural Gas Act Congress was exercising : 
the right to fix | prices , when it vested the Federal Power Commission with = 
responsibility of determining the “lowest reasonable rate.” ith such a 
mandate it | is ‘not surprising that those concerned with administering 1 the 
Natural Gas Act should use the « original | cost ‘approach, v when such costs are | 
wate than the cost levels at the time of the rate controversy. et 
One of the most recent Supreme Court decisions which bears on the matter 


; of | price fixing i is the United gy versus John J. Felin and — (68 US 4 


War Powers “Act. food distributing authority offered 
= based on the existing ceiling prices of the Office of Price ce Administration 
(OPA) . The slaughterer refused to accept the offered ‘compensation and 
sued for ‘Gust compensation” under the Fifth Amendment in tl the Court of 
Claims. _ That court decided that the replacement cost of the meat produets,, 
7 7 and not re maximum ceiling price, was the proper measure of value. —_ 
An appeal was taken to the U.S. _ Supreme Court which reversed the , Court 
Claims. Three’ justices (Chief Justice Fred M. Vv inson and Justices Felix 
Frankfurter and ‘Harold H. Burton) h held t that the ‘ ‘replacement ¢ cost” ” basis 
- utilized by the Court of Claims was spurious, and that the burden was on the 
7 — to prove that the compensation offered by the government was not 
just.” In their view the  slaughterer had failed to meet this burden. Three 
other. justices. (Justices Stanley F. Reed , Hugo L. L. Black, , and Frank Murphy) 


concurred in on the — that, under the circum- 


Justice W: iley B. B. Rutledge ‘in the opinion. ‘He advanced the 


reason that in the case of government requisition of perishable commodities 


_ the legal or ceiling price should furnish presumptiv ely the measure of just 
<4 ~ compensation, subject to revision i if the owner sustained the burden of proving 


3 he was entitled to a grea eater reward. _ Although | these seven justices : advanced 


- different lines of reasoning, they united in opposing the us use of ‘ “replacement 


Two justices Gustices Robert, H. Jackson and William 0. Douglas) | dis- 


Other current literature reflects some of the same thinking in discussing 
2 
q 
— 
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* * the constitutional guaranty of compensation becomes 
‘meaningless if the government may first, under its ‘war power’ fix the 
market price and then make ‘its controlled figure the measure of com- 


pensation.” 


_ This cas case is a recent. pronouncement of the Court and indicates its opinion on 


* the use of “replacement c cost’”’ as a measure of — in pricing meat confiscated = 
by a governmental agency. 
Governmental bodies been building for themselves a place 


management of the economic affairs of the United States since the e passage of 

in 


he Interstate Commerce Commission Act in 1887. At first their g growth was was 
neipient; but with the legislation of the 1930’s and the extensive powers vested 

in such agencies as the Securities and Exchange Commission, the Feder al Com- 
munications Commission, and the Federal Power Commission, the relationship 
between government and business has ripened into a close association. 7 Uni- 


form systems of of accounts, and records developed on the cost 
The legisla- 


facts: based on original ‘cost in many decidedly favorable 


C. McKeage* s suggests: 


ay “The advantage of the cost. formula as contrasted with other formulas 
is that it is certain or can be made certain. * * * It appeals to me that the 7 
very nature of a public utility, occupying as it does a quasi-public and a 
-quasi- -trustee position, lends itself to the application of a rule of valuation 

in consonance with the obligations flowing from such a public status. It 
would appear that valuation on a cost basis fits into such a status. * * * I - 
believe that the cost basis is 3 is preferable for valuing all all property for rate _ 


fi 


_ The Administrative Procedure Act passed in 1946 (Public Law No. 404, 

-Seventy-ninth Congress) has serv: ed, and will continue to : serve, to. clarify the 
position « of the governmental regulatory body. The 1 Felin decision antedates 
the Administrative Procedure Act and must be noted for the philosophy ‘it 

a. develops as well as its timing. It is evident that o one who proposes the use of 
reproduction cost or “replacement cost”” must meet the original cost theory 
point by point, and in order to prevail must show a definite superiority. 

When Is a Public Utility Property “Devoted to Public Service” ?—In selecting 
the 1 more ‘desirable price basis it is necessary to determine the time at which 
the unit of property is ‘ ‘devoted to public service.” ' The “replacement cost” - 
_ theory i is predicated upon the idea that the title to the units of property } remains — 


in the ‘nam, and | that as s the small increments are actually ‘ ‘consumed” in 


Some of the advocates of the original cost approach believe ‘that at the: time 


the property is purchased, installed, and placed in service it immediately is 
“sold’ to to the public. — The cost at the time of construction 1 measures the value 


new, and the resulting charges made for depreciation are merely prepaid 


_#**Public Utility Property: Views of Commission Counsel as to Valuation,” Joyrnal, Am. Bar Assn. 
_ December, 1948, p. 1156. 
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McKEAN ON DEPRECIATION Discussions Februc 
expenses s for the cost of the property to be returned to the. owners over the — Biepre: 
Be selected for charging off such depreciation. 7 This line of thought parallels 3 ind 

that of the investor who places his money in the debt oblige ations of utility quire 
companies. This investor expects to be ] said | interest at fixed intervals, and to In 

- have his principal returned to him at the maturity date. The investor anti- B studi 

~ cipates n no adjustment i in either principal or interest because of variations in the tion « 

- purchasing power of his money which is used to purchase | the property units centu 

serving the publi, rause 

Although the Court spoke repeatedly on this point some years ago, recent Bbetw 

-clear- cut pronouncements since the appearance of som the new regulatory [able 
agencies are lacking. of va 

TION” Basis FOR AN ORIGINAL AND ‘RepLacem pany 

th resent construction cost of the most economical substitute plant = | of th 

art: F acts from recor for unite now in service where the construc- 

- cost records of the units in Part: ——— present construction costs for installed units which are b 7 S 

service considered the most modern to oper ate. = 

< | Part: Estimated present construction costs for the estimated most eco- ] 


i Part: Aaa experience of units now in service, projected into the near add 
future Part: Estimated co costs on n estimated units not vet installed or 
operated by this plant. 
suc 
Actual items now installed and | / Part: Usable units now installed | and operating. — and 
q Part: Estimated substitute units. are 


> @ Der TERMINATION OF P ROBABLE Lives 


i 


(Part: From best data of actual experienc and mortality characteris ties 


Pr rom est st data of actual expe- 


rience and mortality char- units retired and still in service. 
of units retired a 
and now in service Part: Estimated lives on estimated substitute units. m *! 
7 Construction date is definite 7° Ti ime al consumption is a matter of estims ne 
Facts and Estimates. —In addition to the problems of pricing and time when . 
YX 
a property is devoted to public service, other elements i in a valuation include: a ma 
(1) A determination of operating costs, (2) a a determination of the proper units 
= 


of of property to inven inventory, (3) selection of the probable lives of the units for 
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lepreciation | p Irposes, ;, and (4) ‘selection of the depreciation method. — Table 
3 indicates the source material available, cand the amount of estima ating re- 
sary for origin: al and replacement cost analys SCS. 
Information Personnel Available for Making Intelligent Replacement 
Studies. — In the: arly days of American industry reliable records of construc- 


tion costs were notable by their - absence. In the early part of the twentieth 
‘century consider ‘able weight | was accorded estim: ated costs of reproduction be- 


rause original costs were not avail: ible, nor was there substantial variation 
between original and costs. F act is generally considered prefer-| 
gable to and where e estima ates he ave been used. to influence the 
of v. value ‘ ‘proof of fair value must be full and convincing” as in the Missouri 
‘rate cases, Knott versus the Chicago, Br Burlington and Quincy” Railroad Com _ 


pany (230 US 474) in June, 1913. 


~ Estimates will be recognized as evidence if well supported, but the Cc ourt is 
likely to look with a j: aundiced eye on the basic : assumptions as i it did in the case 


of the United Fuel Company, et al, versus the Commission of 
Kentucky, et al. It stated (concerning so 1 ye estimates) that: 
plhe: such predictions ¢: an only be made on the basis of data which > 
are ‘not and egnnot be known, and most of which are in the highest degree 
specul: tive. process of estimating value known 


Although ¢ economic analyses can be made with reasonable “precision, io 
anv e ct areful study and require time, money, and data. . The requirements | 
for making estimates of the most economical substitute pla unt involve all, the 
hazards ‘of estimating the present construction costs of the prese nt plant and 
add the requirement of a proper s selection of the most economical substitute. 


Such estimates rary from rough approximations to precise estimates.” Eugene - 

L, Grant, 46M. _ ASCE, suggests that “the burden of proof should alway ays be on 

‘the proposed replacement.’ Professor Grant also indicates” that obstacles 


‘such as unconscious bias, persons val financial interest, errors in costs or estimates, 7 
and nd incorrect estimates of economic lives of proposed machines and structures 


“are ever present. — In his closing ‘paragraph, he states 


general rule, an estimator cannot be expected to make a 
~ successful estimate for a structure he would not know how to build. * * * 
&: ingineers are frequently called upon to make preliminary | estimates of the 
cost: of work with which they are not entirely familiar. Although many 


such estimates must be made, the estimator should realize the resulting 


“danger of errors.” 
i Certainly it is true that contractors have their own estimators to 0 guide them 
‘in their bids. * These estimators are specialists and in relatively short supply. 4 
The Writer’s experience and observations, since about 1928, lead him to 


the 


“Engineering Economic Analysis,’’ by Clarence E: Bullinger, McGraw-Hill Book Co., Inc., New 
‘Principles. of Enginee: ring ‘Economy, by pugene L. Grant, Press, New ‘York, N 1938, = 


8 Tbid., p. 405. 
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- conclusion n that most of the concerns in the middle west would not have suff. 
e@ ient info ormation or an adequate staff to make the economic studies for thei 
entire properties. They might find it a substantial burden to recruit, train 
and. maintain sufficient personnel to make these estimates on a a ‘company-wide 
basis. of the operating “companies do have engineering and economic 
staffs mane} in making economic studies; but they are limited to the olde 
_ property and those sections of plant t that are unique a and require | special analyses, 


Since Mr. Scharff’ s proposal depends on the precision of many estimates 


that adequate records and sufficient technical personnel are available to do an 


eminently satisfactory job, 


A study” released in 1948 is concerned with this replacement problem and 

_ reports information on depreciation and replacement policies of almost two 

hundred different machinery manufacturing companies whose financial well 

being is vitally affected by this problem. _ The summarization of part of their 


findings i is interesting, as presented i in Table4. 


ABLE. PRECIATION AND REPLACEMEN NT oF 


Macuinery Manvracrurine ‘ComPANiEs (PERCENT 


oF ToraL Companies Reportina Yrs or No) 


2 | Making periodic reviews of their equipment 35 
3 | Necessary collateral records of problems affecting replacement, such as spoilage , 
. of work, machine hours per year, and lost time for repairs................. 4 7 a 66 


equipment eng engineer that specializes in making replacement studies 


— Itis recognized that these data are not for the utility industry; 1 neyertheles 
“they do indicate a paucity of trained personnel and > records necessary ‘for 
_ making intelligent replacement studies i in the machinery industry, 
to Clarification, —The field of valuation touches the entire national 
economy; it is not the exclusive province of the: civil engineer, nor of the -engi- 
; neering profession. Accountants, architects, business executives, economists, 
financiers and investment bankers, lawyers, and public -administrators—as 
well as many others—are vitally concerned with some or all the phases of 
valuation. © Any ‘acceptable method must be (a) capable of precise determins- 
7 tion by qualified personnel ; (6) reliable in application so that qualified valuators, 
even though representing hostile financial interests, will reach substantially 
equivalent results; (c) susceptible of proof; (d) appealing to reason and justice; 
and (e) understandable i in principle to others, not t only to the professional prac- 
_ titioners. These other parties a1 are also concerned as to the source, the quantity, 
Le _ and the quality of the a1 available personnel to expedite any proposed method of 
valuation. The necessary training required for new entrants into the field, and 
4 their ability to produce consistent results at reasonable cost, are also matters of 
The valuation engineer can assist in 1 clarifying the basic principles by 80 


special efforts need to be made to convince all parties interested in valuation 
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on . (1) the proper ‘units to include in the valuation inventory; (2) the proper > 
pricing basis; (3) the acceptable methods of determining probable lives to be ~ : 


used in depreciation calculations, especially for the proposed units to be = 
1y-wide corporated i in the substitute plant analysis; (4) the depreciation ‘methods to be 

Onomi® ysed to calculate both annual and accrued depreciation; and (5) the time noted 
older the » “property is is first devoted to public service.” 
rallyses _ The Society has long been in the forefront of progress in the valuation { field 
imates and has had a a Joint Technical Division Committee on Depreciation, as well as a 


uation Committee on Valuation Procedure in the Engineering | Economics Division. — 


0 do an When the notable and comprehensive “Report of the Committee on Deprecia-— = 


tion” of the National Association of Railroad and Utilities Commissioners 
em and (NARUC) was published, in 1943°° a special committee of the Board of Direc- 

ost two tion, ASC. EK, was appointed to prepare an immediate reply.’ This small” 

al well-f committee ‘we oul partly representative of the entire Society membership; 

of their it was working under severe time limitations and the report, ‘Principles of 


Depreciation,’ y” was disappointing except for r some excellent dissenting discus- _ 
sions. % It appears to be the pr proper province e of the constituted committees a 
the Society to make continuing studies on this subject and ‘Present to. the 

membership carefully - considered | progr ess reports. 
q For several years the writer has waited for an expression from hun com- 
nittees or the members thereof tc to clarify points developed in the NARUC _ 
report or in Mr. Scharff’s paper. ti is hoped that Mr. Scharff’s disser — 
will ill serve to reactivate new Society committees so selected as to be truly rep- 
resentative of all segments of the Society membership, so that notable solutions a 
tosome of the present problems can be had and so that ASCE can resume its | 

‘ proper place in the field of valuation. 
rtheless 

Mr. Scharff has rendered a distinct service by so presenting his proposals _ 

ary for 
ay EB that the i issues are joined. The decision of the Supreme C Court on the appeal 
. of the Attorney General of the United States will be read with interest in the 


1a tional 
seape hope that it will help chart the course of valuation in the light of present — 
of on Depreciation,” National Assn. of R. R. and Utilities Commrs., 


OTS—AS ington, D. C., 1943. 
vases of ‘Transactions, ASCE, ‘Vol. 111, 1946, pp. 
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Discussion 


ER. y Professor ‘Tsai for ; analyz- 

beams (in fact, beams of any is an inter esting contribution 

to the theory of flexure i in so far as it shows that it is possible to derive the shape 

constants and the load constants for all common loading conditions from the 

reciprocal I- diagram and its successive momental . areas alone. | ‘As the s same 


problem can be solved in several other. ways, the relative merits of this new 


method must be judged b by its its simplicity an and its accuracy. 
an - The title of the paper does nd not quite reveal the characteristic feature of the 


‘method described; for, a as every end angle change of a beam : is represented bya a 
definite integral, the evaluation of such an integral, if not done directly, is Is 
always (in more or less s concealed fe form) the computation of an area. I ‘Itis only 


the special arrangement of the various area computations that | characterizes 
the author’s method. _ Professor Tsai’s procedure i is based on the fact that the 
moments for all common loading conditions (including those connected with with 


the shape constants) : are whole algebraic functions ¢ of the distance x from one 


end of the beam. — . This makes it possible to compute first the component areas 
defined by the successive ‘powers of z in the integrand , instead of directly 


= 

; evaluating the areas representing the various 1s end angle changes. . By combin- 

‘ing or “momental,” eas properly, the required angle 


- _ This procedure om result in a simplification only in the e exceptional case 


when the number of component areas was smaller than the n number of required 

angle changes. For the three angle changes representing the shape constants 

three momental areas must be evaluated (A, Ai, and A 2). One more (A 3) 18 


for the two angle changes that. occur under a uniformly distributed 
load; but this case can also be solved directly w ith only one additional opera- 


se —This p paper by. Fang-Yin Tsai was published in eniaiien. 1948, Proceedings. ‘Discussion on 
this paper has appeared i in Proceedings, as follows: December, 1948, by J. Edmund Fitzgerald, and Harris 


7 Structural Engr., ba Albert Kahn, Inc., Detroit, Mich. 
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HAUER ON HAUNCHED BEAMS 


tion, ‘because it follows from ‘Eqs. 37 and 19 tl that — 


+ = 2 Bw L?... 


—a a relation which is a a generalization of Eq. 43. Ifa a concentrated load acts 
on the beam, , three n new areas have to be evaluated—namely, Acin), Artin), and — 


is 


Ayjory—and a uniform load } covering g part of the beam requires the computation 7 
of even five additional areas, Axes, Aran, and ' whereas for 


each of these loading conditions the two load constants can be found directly 


in two ¢ oper rations. Only for a triangular load can a saving be achieved = the 


It must be added that, w hen partis al areas are to be evalu: eal, it. 


‘will often be n necessary to divide the beam into a greater number ¢ of sections. 7 
For instance, in Example I, if a concentrated load were assumed to act at. 


ae 0. 1 L, the division of the > haunched part of tl of the b beam into six sections is would | 


Finally, considering that, after the various areas are found, the task r remains | 
‘to combine them properly, the writer doubts: if the method suggested by the 


vution 


shape Pens process of plotting and evaluating the I,/I- eye and its momental 

m the 

same ion of the angle: changes. That this not result in ins a greater ‘simplification 

is new fe is explained by | the fact that the . preparatory work n must be repeated for each | 

_ beam ¢ of ‘individual shape. The writer believes, therefore, that Professor Tsai’ s 
of the method. ‘cannot compete in convenience with another method of computing © 
d bya angle changes, a procedure. Ww which, like the author’ s method, is based on some - 
tly, is preparatory work eliminating the necessity. of plotting the various M/I- 
is only @ diagrams, but has the the great a advantage t that the preparatory | work needs to be — 
terins dme only one, 
at the Briefly outlined, this scheme consists of dividing the beam into a number 
1 with of equal parts: (say, ten) and attributing to each section a a berapetaariy reciprocal 
m one | moment of i inertia equal to its s average value i in this part. If this is done, the 
; areas f integral representing an angle change for a certain loading condition can evi-— 
irectly dently be expressed as a sum of ten terms with numerical coefficients that on 
mbin- be. evaluated and tabulated once and for all and used for a beam of any shape. 
angle § The actual computation n of an angle change then simply consists of multiplyi ing 
oa a set of tabulated figures with the respective J,/IJ-values of the beam in con- 
al case and which is a vel very convenient and re relatively time 
stants If reasona uting 
(A3) is ee beam are sufficiently accurate from a practical standpoint. Tt It must 
ibuted be borne in mind, howe ever, “that. the basic integral formula for. the angle 
opert- changes is itself strictly correct, only, for. prismatic beam. hen applied 
ore to a beam with variable cross section, even if the integration is per formed _ 
d Harris § with mathematical exactness, it leads to a result that is only : a Physical 
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In order to investigate | the s sensitivity y of the a angle changes with respect te 
the manner of computation, the writer used the foregoing procedure for recon. 
_ puting all cases of of Example I. A maximum difference of | 0.7% To and an averag 

‘difference for the eleven angle changes of o1 only 0.37% was found. This com. 
= confirms the writer’ ’s opinion that the accuracy of all methods foi 
computing angle changes i is satisfactory for all practical purposes. a 
In conclusion, it would be valuable if Table 1 were extended to include th 
- formulas f for the angle changes corresponding toa an exter nal moment acting at 


any section of the beam, as such a loading condition is often important i ir 


— | 
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‘DISCUSSIONS 


A SIMPLIFIED | METHOD OF ANALYZING 


Discussion 


By PEDRO Jd. GRAVINA, AND G S. RAMASWAMY 


-Pepro B. J. GRAVINA. 13_An i interesting n method of f analysis, based. on the 

deflection theory contrived to o simplify the design” of suspension bridges, . 


presented in this paper. Instead of the employing the cut-and-try | method, 

it is possible, by means of the author’s formula, to make a direct anelysis,— 

partly sacrificing exactness in favor of greater simplicity i in design. . 


«Ati is the opinion of the author (see S Section 1) that » when» employing the 
trigonometric series, “the computations are lengthy and involve tne 


statement is partly true for deflections, moments, and shears in the stiffening 
trusses; but it is not true in the case of horizontal tension in the cable, espe- 


cially when. the live-load is uniformly distributed, as the e convergence of the 


In order to evaluate the approximation of the formulas presented in the 

first part of the paper, it will be convenient to compare them with those 
derived directly from the deflection theory. In connection with some studies oe 
‘of the e convergence | of the series that appear through the method of the trigo- - 
nometric series,* the writer has demonstrated the possibility of computing 

the value of H for a uniformly distributed live load by means of a simplified 
formula. In the special case of the symmetrical bridge with three variable _ 
spans, and with the load distributed between any two scotions, distant k’ and 


left (Fig. A), the formula follows: 


k\ - 


+N, 
i Norz.—This paper by Ling-hi Tsien was published in September, 1948, Proceedings. 


| 
Prof. of Bridge and Structural Eng., Poly technic School, Séo Paulo Univ., Sao Paulo, Brazil. 
_ 4“ Teoria das Pontes Pénseis,” Pedro B. J. editor, Polytechnic School of Sao Paulo Univ., 


to Paulo, Brazil, 1948, pp. 95-109. 
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for” the: left side. span, 


107) 


in 


and, for the right 


J 
J 
| 


In iq. 106 the effect of tempera rature changes is is represented peer in the term 


has a correction to the ‘approxima ite value of H. ie e functions F 


t ), and ), defined by Eqs. 107, are ral and d are valid for 


loading condition, including, therefore, as special cases, the ones 
ined | separately in Sections 3 3 to 8, inclusive, of of the paper. Rel the length | 
k" decreases, the ec convergence of the ser ies s dec TeASes, SO that i in the 
extreme case of a concentrated load it is no longer possible | to consider only 


the first term of the series, as ¥ was done i in the case of the distributed load; if 


this were done, the resulting | error would be considerable. 


Eq. “17b appears to be i in n much greater error th: ane the other formulas in the 
“paper that were used for the computation of the horizontal tension of the 


se of the distributed load. 


case 


eable in the ¢ 


4 


in which, for the main span, 

3 


d for 


n the 
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in which 


me 12a) 


112b) 


“the value 0 of H by ne ui. and 112 will be 


Substituting the values of and fron from Eqs. in E 112 


_ 0. 189 (1+ Ht) 

0.189 Ac Le (14 


If the load. occurs only on one of the side spans, 


follows that 


ussion 
and assume that only the main span is loaded, Eq. 106 can be written Oo | ae 

{ 
_ 

uty, 


Discussions 


Substituting F 118 in Eqs. 115 and 


1 


1+ 


B 


gik 


fn 2 


Bt 


ormation, the: following formulas can be derived ‘int 

tri 


in which 


| 
0 
tru 
Nt ) the 
| 
Th 
—_— 
‘giv 
3 Bish: 
a 
| 
| 
“4 
— D= 1+N- +N, + N+. 
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| 
_ Bie and 122 are derived directly from 1 the deflection — 


by the 

S. Ramaswamy,!® Jun. ASCE. —The already i impressive array of liter 
ture on su suspension bridges has been enhanced by the e paper. The author ’s 
‘conclusion that the horizontal tension in the cable is practically independen t 
of the ratio of the live load to the dead load and the degree of stiffness of the 


truss i is provocative of of further thought, ae 


19¢) 


a i of the cable tension “we varyit ng positions of a unit concentrated oa travers- 

ing the span. The varying position | of the unit concentrated load will be 

denoted by nl, in which 7 has values ra ranging from 0 to 1. _ The procedure i is to 
pee ea unit deformation along the line of a action of H. The resulting deflected | 5 


shape c of the ‘stiffening truss will then give the influence line for H. 7 The struc- 
ture is thus made to draw its own influence line. Ifa unit horizontal tension is 7 


‘applied to the cable it will induce a uniform vertical load on the cable of | 


8 
intensity —2 y _ The vertical uniform: load, in 1 turn, will exert a uniform pull on on 
the stiffening truss, which will deflect as a hinged beam with a viii dis- 


tributed load. The deflection curve of a hinged beam with a Nn « dis- 


EI 


in which A is the « deflection. i The ordinates of the curve defined by E aq. 123 _ 
are not the influence line ordinates themselves, but are proportional to them, 
“since | a unit: load was applied, instead of of a unit deformation, along ag line of 


the he following at tifice. Write the equation for the ‘ellen nce line as 


in which | Aisa constant to be determined by some known condition. | W hen % a 
the entire span is ‘covered by a uniformly distributed load of unit intensity, 
“the horizontal tension can be. obtained by integrating Eq. 124 and placing 


_. 4‘*Modern Framed Structures,”’ by J. B. Johnson, C. W. Bryan, and F. E. Turneaure, John Wiley & - 
Sons, Inc., New York, N. Y., 9th Ed., 1916, Pt. Il, p-219, Eq. 15. 


ssions 279 

1185) 

1164 

the paper, in which 

‘ the author selects, as his point of departure, certain equations for the horizontal _ Hs 

ff component of the cable tension which he has quoted from another source.* _ — | 

These equations were derived by energy methods: but thev can be obtained —- 

erived 

— 

121d) 

12a), | 

122b) 

# 

122d) 4 
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the integration and substitution, 


ng 


Since H H for this condition of loadin; 


| Bauatng Eqs. 125a and 1 25b, the inieniae of the influence | line. for H is 


“he area under this sine curve should be equ: il this con- 


Hence, the horizontal tension by a P at a distance nl from the 


is given by 


n Lis rer by k ki in in Eq. 


can n easily be deduced as 


‘either Eq. 1275. or 127d and inserting appropriate 


The wi writer feels that the case of the concentrated load traversing t the ‘span 


is the fundamental one and should therefore be treated first; having once ob- 
tained the influence line for H, any distribution of live load can be solved 


Corrections for Transactions: In ‘September, 1948, On 


page 1096, line 6, and in Eqs. 6 and 12 + (no change 


in n exponents); on page 1098, in Eq. 13, change t the yeneiet: seit to read 


55 5 yy: on page 1105, line 5, change the last part of the 


— 
rel 
— “fin 
Wy 
(1256) 
— set 
A == (n — 2n? +n)... (126) 
_ Professor Tsien approximates the form of the influence line contained in 
Kq. 127d is the same as Eq. 17), with the exception 
— 


range 


RAMASWAMY 


sentence to read magnitude of H, can therefore be neglected’; on page 


1106, in Table 1, the equation for Case X, change ‘ ‘-” to “=F”; on page 1109, 


line following | Eo. 56c, change number 1 to letter l: 0 on page 1113, section 31, 
lines 7 and 8, shorten last part ¢ of sentence to read ‘“* * * of the error induced 
by this ass assumption” ‘ on page 1123, sec section 47, line 4, change “Eq. 66” to - 


lena 64”; on page 1124, line 2 following Eq. 104, change e “Eq. 103” to “Eq. 7 


‘page 1126, section 54, line 4, change to oF +; on page 1127, 
section 56, line 14, change “‘section 54” to “section 53”; e 1128, 
section 58, line 3, change ‘0.375 l” to “0.275 I’: and, line 13, ain” Tq. 97” 


to “Eq. 96.7 


sstons | 981 
(1252) 
| 
(1256) 

(126) 
in W — 

127) 
| 
‘Ki 
(1275) 
— 
+ 
27d) 
priate 
| i + 
of the — 
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AMERICAN ENGINEERS 


THE LOGICAL’ SYSTEM OF FREIGHT RATES 


HE LOGICAL’ SYSTEM 
| — 


4 Discussion 


— MEYER» 


MeEyrER, 2 Assoc. M. ASCE. —The proposed scheme for e: establishing 
a logical rate structure is well set up, and worthy of most serious consideration 
by legislative bodies. — However, a major constitutional obstacle i is the distine- 


Under one set of circumstances—namely, when the “fair” rate is more than 
‘the traffic ¢ can bear—an exception to the system should be made. An example 
“might be a bulk agricultural product grown in a region so far ions the market 
that it cannot be produced and sold at a profit without a favorable freight rate. 
 Sucha a product might well bea keystone i in the economy of the producing region. 
If it can be shown that the commodity ir in question will not be produced and 
shipped at all except with a a freight rate concession, a special r rate is justified 
“if, and only if, the net. earnings of the carrier giving the rate concession will be 
not less than they would | be without giving it. The « carrier would then not 


be subsidizing s the commodity, nor would other commodities, as s neither t ‘the 


shipping costs of other shippers nor nor the carrier’s earnings would be adversely 
affected. On the contrary, th the entire ¢ economy of the region would benefit. - 
~The writer believes, however, that special ‘rates } should never be e allowed if 
‘increased shipping costs of other shippers or loss earnings to the carrier 


Discussion on 


age —This paper by Charles L. Hall was published in November, 1948, Proceedings. 
this paper has appeared in Proceedings, as follows: January, 1949, by Raphael H.Courland. | - 


Cons. Engr., Corvallis, Ore. 
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DISCUSSIONS 


INDUSTRIAL WASTES 
SYMPOSIUM 


S. LEARY JONES 

LEARY Jone ES 1 Assoc. M. ASCE -—The necessity « of establishing, so sooner 
or later er, permissible standards of pollution of surface waters was commented 
on by Professor Bloodgood. — From an administrative viewpoint it is desirable _ 
to have such ‘standards, but at present exact standards for most types of 

“pollution are unknown. Considerable ‘research and scientific investigation are 
certainly indicated and ‘undoubtedly w« would be welcomed by all control : agencies. 
In addition to helping to establish these standards, federal services can aid by 
assembling available | data concerning the effects of various types of pollutants — 


Pollution Control Board adopted the “General 
Cri 


iteria for the Definition and Control of Pollution in the Waters of T ‘ennessee”” 


‘in November, 1946, as a guide in in determining the permissible conditions of 
“waters 9 with 1 respect to pollution and also the preventive or corrective mes 


; - required to control pollution in various waters or in different sections of the 
same w aters. _ The criteria recognize that the uses of waters and their capacitie es 


~ for sewage or rr waste disposal vary, depending on the volume of water, loca al 


needs, and other factors. - The relative weight assigned to each type of us e 


varies for different we Ww aters, and therefore the rigid application of uniform criteria 
of water quality is not considered desirable or reasonable. 
_ Minimum criteria of water quality are established for the following: Solids, 


floating materials, and deposits; temperature; turbidity « or ‘color; taste or - odor - 


acidity or alkalinity; hardne ess or mineral compounds; dissolv ed “oxygen; 
| 


bacteria; toxic substances; a and other pollutants, including anything that may 
~ have been omitted in the other nine criteria x Interpretation i is based d upon the 

effect on on the’ stream and the damage to reasonable and necessary ‘uses. 

‘merical limits are included for only dissolved oxy gen, ba bacteria, alkalinity, a = 

—— 
Note.—This | Symposium wa was published in September, 1948, Proceedings. 
* Prin. San. Engr., Stream Pollution Control, T ennessee Dept. of Public Health, Nashville, Tenn. 
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pH _ - Such criteria are flexible and well suited to the type of cooperative pro- 


- gram approved by the board. ‘The criteria are not suited to a cookbook ok type 


is between industrial sewage in so as recom: 
‘mendations for correction are concer ned. Each source of pollution is 
"sidered in relation to its effect on the receiving waters. No exceptions are 
provided in the law for either sewage or wastes, and the Tennessee Stream 
— Pollution Control Board has not favored the classification of a stream as 

_ The Stream Pollution Control Act pro ides for a suited approach in that: 

die membership of the board consists of two representatives from municipalities. 
two from industries, and the commissioners of the State Departments oj 
Public Health, ‘Conservation, and Agriculture. The commissioner of health 

m the chairman, and the Department of Public Health is the administrative 
agent for the board with the director, , Division of Sanitary Engineering, serving 


as technical secretary. 
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